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Global Regularity to the 3D Generalized MHD
Equations with Nonlinear Damping Terms*

Jianlong Wu'! and Liangbing Jin®T

Abstract In this paper, we consider the Cauchy problem of the 3D gener-
alized MHD system with nonlinear damping terms. We establish the global
existence of strong solutions with the help of damping terms. Furthermore,
we consider the balance between damping terms.
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1. Introduction

In this paper, we consider the following magnetohydrodynamic(MHD) equations
with damping terms:

ug + (u-Vu+ Vr + ph*u + vjuPtu = (b- V)b, (t,z) eRT xR®
b+ (u- V)b + pA2*b+ bl o= (b-V)u, (t,z) € RT xR3

divu =divb =0, (t,z) e Rt xR? (

(u,b)(x,0) = (uo, bo), reR:

where u = u(z,t) € R3, b = b(x,t) € R? and m = 7(z,t) € R represent the unknown
velocity field, the magnetic field, and the pressure, respectively. « > 0, p,q > 1,
i >0 and v > 0 are real parameters. A := (—A)% is defined in terms of Fourier
transform by

~

AF(€) = €1 f(©).

The damping describes the resistance to fluid motion, which describes many
physical situations such as friction effects and dissipative mechanisms(see [1] for
details). When b = 0, systems (1.1)-(1.4) become Navier-Stokes equations with
damping terms. Cai and Jiu proved the global existence of the strong solution if
p > % Furthermore, if % < p <5, then the strong solution is unique. Later, when
a = 1, it was improved by Zhang et al [2], who established the global existence if
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p > 3. The lower bound 3 is critical in some sense(see [3] for details). In [4], if
% + % <a< g, p > % or o > g, p > 1, then the global existence was established.

Recently, it was proved in [5], if 1 < a < % and p > 1+ #3_1, the global strong

solution exists. In [6], when o = 1 and one of the following four conditions holds,
our system has a unique global solution : (1) 3 <p < %7, qg>4, (2 %7 <p< %,
9> 55, (3) §<p<4,q>BL (4)p>4,9>1.

The purpose of this paper is to study the well-posedness of the incompressible
MHD equations with damping terms. With the help of damping terms, we are
devoted to establishing the global existence of the strong solutions. Furthermore,
we consider the balance between |u[P~1u and |b|9~!b. Actually, in Theorem 1.1,
when p takes different values there are different requirements for q.

We give our main theorems as follows.

Theorem 1.1. If up(z) € HY(R?) N LPTL(R3), bo(z) € HY(R3) N LITH(R3) with
1<ax< @, divug = divby = 0, and one of the following conditions holds
402 4+ 8a + 15 4
1)1 < >
Wt TSP 80 9% %1
2
4o + 8a + 15 <p< 204—1—57(1Z 2a0+ 5 ’
S8a 2a 2ap — 5
2a0+ 5 4 S op+ 2a+ 5

<p< ,q =2 s
2c p 2a71q 2ap

(4)p >

(2)

3)

>1
217"

then, for any T > 0, the system (1.1)-(1.4) has a global strong solution (u, b)
satisfying

u € L=(0,T; HY(R®)) N L*(0, T; H**(R?)) N LPT1(0, T; LPT(R?)),

be L=(0,T; HY(R*) N L*(0,T; H**(R*)) N LIT(0, T; LYH(R?)).
Remark 1.1. Actually, under the conditions (2), (3), we could further prove that

u € L>(0,T; H*(R®)) N L*(0, T; H'T*(R*)) N LPT1 (0, T; LPTH(R?)),

be L>=(0,T; H*(R®) N L*(0, T; H***(R3)) N L0, T; LYTH(R?)).
Remark 1.2. When o = 1, Theorem 1.1 is consistent with the results in [6].
Theorem 1.2. If up(z) € HY(R3?) N LPTY(R?), bo(x) € HY(R3) N LITY(R3) with
é <a< %, divug = divbg = 0, and one of the following conditions holds

4

1 >
1+ 2a—-1124-1

(2)p >

<p<
da+1 P

> 1
2a—11="

then, for any T > 0, the system (1.1)-(1.4) has a global strong solution (u, b)
satisfying

we L=(0,T; H'(R*)) N L*(0, T; H'**(R®)) N LP*1(0, T; LT (RY)),
be L*(0,T; H'(R*) N L*(0, T; H'T*(R?)) N LI(0, T; L9TH(R?)).

Remark 1.3. The proof of Theorem 1.2 is included in the proof of Theorem 1.1.
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2. Proof of the Theorem 1.1

Proof. Multiplying (1.1) and (1.2) by u, b, after integration by parts and taking
the divergence-free property into account, we have

1d

« 1 1
3 dt(”uHL2 +[1l172) + (IAul T2 + [AB]1F2) + (lullfris + IBlIT) = 0.
402 +8a+15

Multlphng (1 1) and (1.2) by Au, —Ab, after integration by parts and taking
the divergence-free property into account, we have

1 «
5 77 IVullze +IVRIIZ:) + (AT u]Zz + IATEb][72)
p—1 gq—1 4(]? ) Lﬂ 4( ) q+1
2 2
+ (lul = Vullz: +[[[6] = Vbz2) + TESE IV]ul ™2 ||Lz+( 12 V16 =" |17
:/ (u~V)u-Audm—/ (b-V)b-Audzx
RS RS

+/ (u-V)b~Abdw—/ (b-V)u-Abdx
R3 R3
= My + Ms + Ms + My.

For My, when p < 3, we have
M, :/ (u-V)u-Au dx
RB
§/ lu| [Vu| |Au|dx
RS
g/ "= [Vl [u] 7" |Aulda
3

0
<CHIUI IVUIIIL2IIUHLP+1IIWIIL 1HA1+QUH

*IIIUI C V3. + *HA”“UHLz + CIIUIIipiﬁ IVl 2.
Here, we have used the Gagliardo-Nirenberg inequality:
1Aull 1 < ClIA* a7 Vull 2™,
where

p—1

1 1—6
+ ( 5

p+1 3 )01+

W\Q

1
2
And conditions in Case 1 imply 6; € [X, 1), 137;5”1 <p+1.

2
When 3 <p< %, we have

|M1|</R$1'1"<1+|u”51>|wnm dr

p—1
+ [ul 2

<1Vl e l|Aul 2 + [llul = [Vul]| 2] Au 2
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2—0 02 1-60
< CIIVUHL AT ul|% + Ol [Vl 2 [ Vul 2% A 5
*HIUI S|Vl + < IIA”O‘uIIL +C||Vul|Zs

with 92 = =
Ms can be estimated similarly if ¢ > 1+
For M3 and My, we have

|Ms| + | Ma] < [[bll s [Vull 2 |4l 22

10
4a+1"

<Cllbllm+1llw|| 2O AT | 5 V) 2 AT Bl
<O||b||Lp+1(Hqu 50— 94_|_||Vb||2 03— 94)(||A1+au||032+94_|_||Al+ab||932+6'4)

2a
2a—1——S_

IIA”a 72 + - HAH“bHLz + OBl ™ (IVullZs + [VBII72)

addition

04 = =. Note that 03 € [0,1), which implies that ¢ > 2 — 1. If in
<q+1 then ¢ > 5—. We can verify that 1—|—4a+1 < 24

a—1"

a(q+1)’
-2

' 2a-1- (1+

Combining the above estimates, we obtaln

d
—(IVullZe + [VbIZ2) + (AT ulTa + [AT7B]IZ2)

Alp—1) 41 Ag—1) 41
1A% > Vb 2
TESEAMA I5 M rES AN I5

< O(lullpris + 101755 + D(IVulZa + [ VBIIZ:)-

A standard Gronwall’s inequality shows that

+ (llul T Va2 + |5 T Vb||22) +

t
IVullZs + [Vl +/ (IAF ul|Zs + [AT*D]IZ,) ds

t
+/0 (Iul "= Vaul2z + | V]u] T |22 + |6 T Vb]|22 + [V]8] F[|22) ds
< C(t, |luoll a1, [1bol 1 )-

Case 2. 40‘4'87‘“'15<p< 2a T

Case 2 covers the conditions (2) and (3) in Theorem 1.1.

Multipling (1.1) and (1.2) by —Au, —Ab, after integration by parts and taking
the divergence-free property into account, we have

1d .
2L (ITul3s + IVB32) + (AT 03 + |AT0]22)
p—1 -1 4(p PSS 4(q at1
(12 Vs + I 91%) + 22wk 3. + T 2
TS CESE
:/ (u~V)u-Auda:—/ (b-V)b-Audzx
R3 R3

+/ (u-V)b~Abdm—/ (b-V)u - Ab dx.
R3 R3

Multipling (1.1) and (1.2) by fuy, 3bt, after integration by parts and taking the
divergence-free property into account, we have

1d 1d, 1 1 o1
3 Al IABIE )+ 5 T oo Il 00+ 5 O+ )
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:71/ (u~V)u~utdx+1/ (b-V)b-uy dex
E 2 R3

—1/ (u~V)b~btdx+1/ (b-V)u- by du.
2 R3 2 R3

Add the two equations above, we have

1d 2 2 1 p+1 q+1
- — 2 2 1 1 A%ul[7:
3 (Il + 190 + — 7+ L) + 1 (A%l
+ [ A%72) + (A ullFe + AT PD]IZ) + (||\U| = Vul2. + b7 Vb|32)
Alp—1) et Ag—1) oz
+ Ll s + DT e + g (el + )
:/ (u-V)u-Audw—/ (b-V)b~Audw—|—/ (w-V)b- Abdx
R3 R3 R3
1
—/ (b-V)u-Abdzx —f/ (u-V)u-uy dz
R3 2 Jrs

1 1 1
—&—f/ (b-V)b-u dﬂ?—*/ (uw-V)b-b dx—i—f/ (b-V)u-b, dz
2 R3 2 R3 2 R3
2
<lu- VullZe + [1b- VI + [lu- VBIIZa + [Ib- VullZa + Sl AullZ:
2 1 1
2083 + 3wl + Il
For ||u - Vu||2,, we have

Jul? -

< |lful = V|22 + [Vl 2.

Similarly, we have ||b- Vb||2, < ||[b]"=" VbHL2 +1|Vb||3.
For |ju - Vb||2., we have

- Vb||72 < [ull7n [VO]|7
e L e

2(1-6
< CJlul) 3570 ful 22, 0] 355

1
+1 2(q+1 a
< CJlull 550 + ORI + STl

which satisfies the following conditions

By direct calculation, we have

2[3pq — 2(a + 1)qg — 200 — 5]
2apq — (4o — 1)g — 20— 5’
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2[3pq — 2(a + 1)q — 20 — 5]
(3 —2a)pg + (20 =3)q
B—2a)(p+1)g

01 = ,

! 3pg —2(a+1)g —2a—5

5y — 3pg —5q — 8

2 3pg —2(a+1)g—2a— 5"
Note d; € [0,1] and 0y € [f35,1], which implies ¢ > 2%, ¢ > J4E5 and
g > =29l We can verify that 29t5 > 2045 _ 55 2945 > _2afl

2ap5*3p2o¢2 2ap—5 — ap—1l—a’
Slmllarly, we have

b VullZa < [1blF -1 Vul7

2(1-46 ) 2(1-94. d.
< OISOl [l 3500 [ A 28

1

+1 2(q+1) o

< Cllull 50 + CIBIZEY + ZlIA a2,
where satisfies the following conditions

+2=1,
iy C qul,536[0 1],
=drh -+ B e

+17
' 1—64 b
a1t g, =1

E L L A ]

1+a” 1]’

<%}
oo

Q
+
=

By direct calculation, we have

2[3pq — 2(a + 1)p — 2 — 5]

- 2apq — (4o — 1)p — 2a — 5’

_ 2[3pg —2(a+1)p — 2a — 5]

(3—2a)pg+ (2a—3)p
(3—2a)(¢+1)p

5 =
P 3pg—2@—+1)p—2a—5
3pq —5p — 8
8y = )
3pg —2(a+1)p—2a—5
Note d3 € [0,1] and 04 € [1+a, 1], which implies ¢ > w, q > %

and q 2 (1+a)§+2a+1

(1+a)p+2a+1

We can verify that 5p+2a+5 > 2(a+1)p+2a+5 and 3p+2a+5
ap

— 3p 2ap =

ap
Combining the above estimates, we obtain

1d (T

+1 «a «
3 Tl + 198 + s allzEh + L) + 322 (1A%l + A7)
+ E(HAIJFQUHLZ +[ATFB2) + ([l|ul = Vul22 + 6T Vb]132)
4@ ) 811 4@ ) 81
+ —|V]u 2+ ————||V|b 2

1 1
<CXWM w1+HMEL1+1(WM v T+ [ Vulfe + V0] 72).
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A standard Gronwall’s inequality shows that

1 1 a o
(HVUHL? + Vbl ol e + mllblliﬂl) + 7 (A%l + [[A%5]])

1
w5 LA, + ||A1+@b||i2>dx
R3

< C(t lluollmrs lluollze+rs [1bollzr [boll Lo+1)-

4
Case 3. P Z Sa—1°

M| < flullzosa[Vull 2gen | Aulre
2

< Ofull oo [Vl 72 ATl 32Vl 3% [ AT 7

< CHUHLp-H”VU”QL 03— 94||A1+au||93+04

2c
2a—1—

IIA“("UIIL +Cllul s ™ [Vl

with 93 = 7&(1)?1&-1)’ 04 = é.

And conditions in Case 3 imply 63, 84 € [0, 1), 2(1_1% <p+1.
1

Similarly, one can obtain '

2
2a—1—

[Ma| + |Ms| + | M| < *lIAHabIILz +Cllull o " V0
Combining the above estimates, we obtain

d
S (IVullZz +IVBIIZ:) + (I ul e + [ATFBlI72)

=1, o ey Ha=1) e
o IV 5+ T L IV

< O(lullprss + D(IVullZe +11V0]72).

+ (lul T Va2 + |5 T Vb||22) +

A standard Gronwall’s inequality shows that
t
IVulZ: + (I Vb7 +/ (1A ul|F2 + |APHD]|72) ds

/ (Iul "= Vaul2z + [ V]u] T |22 + |6 T Vb]|22 + [V]B] F[|22) ds
< C(t, [|luollzrs [1bol m)-

This completes the proof of the Theorem 1.1. O
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