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Local Existence of Strong Solutions to the
Generalized MHD Equations*

Liangbing Jin' and Xinru Cheng

Abstract This paper devotes to consider the local existence of the strong
solutions to the generalized MHD system with fractional dissipative terms
A%y for the velocity field and A?®b for the magnetic field, respectively. We
construct the approximate solutions by the Fourier truncation method, and use
energy method to obtain the local existence of strong solutions in H®(R") (s >
max{% +1-— 2a,0}) for any a > 0.
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1. Introduction

In this paper, we consider the Cauchy problem of the following n—dimensional
(n > 2) generalized MHD (GMHD) equations:

ug +u-Vu+ Vr+ A%y —b-Vb=0, (z,t) € R" x RT, (1.1)
by +u-Vb+APb—b-Vu=0, (z,t) € R" x R, (1.2)

divu = 0,divb = 0, (z,t) € R* x RT, (1.3)

(u,b)(z,0) = (uo, bo), x € R"”, (1.4)

where u = u(z,t) € R",b = b(z,t) € R" and 7 = w(x,t) € R denote the velocity
field, magnetic field and scalar pressure respectively. « > 0 is a real parameter.
The fractional Laplacian operator A% = (—A)*/? is defined through the Fourier
transform

~

Ao f(€) = [E[*f(e),

where the Fourier transform is given by

f(6) = / () da
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For the local existence results related to our equations, when o = 1, g = 0,
Fefferman et al. [1] established the local-in-time existence and uniqueness of strong
solutions in H*(R") for s > & (n =2, 3). When o >0, 8> 0, Wu [2] proved that
the system has a unique local solution in H*(R"), s > maz{2, 8} + 5. When o =
B € (0, 2), Yuan [3] obtained the local existence of solution in H*(R?), s > 3 —2a.
For generalized «, 8 > 0, Jiang and Zhou [4] proved the local existence results in
H*(R"™) with s > maz{% + 1 —«, 1}.

For the global existence results related to our equations, when av > l—i—%, a+p >
1+ 5, Zhou [5] established the global existence of solutions. When %2 <a, B<1,
Ye [6] proved the global existence of mild solutions and small solutions in Fourier-
Herz space. When 0 < o < %, B >1, 3a+28 > 3, Cheng [7] showed the existence
of global regular solutions for logarithmically supercritical 2—dimensional GMHD
equations. Zhao [8] established the decay results for «, 8 € (0,2] when wg, by €
LY(R3) N LP(R3) (p > 1). Some regularity criteria were studied for the GMHD
system in [9-11].

Now, we introduce some notations that will be used in our paper. | - ||, denotes
the LP(R™) norm. ||ul|g:rn) and [lulz.gn) denote the norm of u in the non-

homogeneous Sobolev spaces H*® (R™) and homogeneous Sobolev spaces H* (R™)
respectively. C' denotes a generic positive constant which may vary from line to
line.

In this paper, we will consider the case « = § of GMHD system and establish
the local existence of strong solutions. The main result of our paper is given by the
following Theorem.

Theorem 1.1. For any « > 0, if ug, by € H* (R™) with s > max {% +1-2a, 0},
divug = divby = 0, then there exists a positive time Ty and a unique solution (u, b)
to equations (1.1)-(1.4) on [0, Ty] such that

u,b € L*([0,T.]; H*(R™) N L*([0,T.]; HT(R™)).

Moreovre, we could obtain u,b € Cy([0,Ty]; H?(R™)).

This paper is organized as follows. In Section 2, we introduce some preliminary
lemmas that will be used frequently in the proof of our main results, and establish
the energy estimates for the solutions of (1.1)-(1.4). In Section 3, we construct the
approximate solutions, and give the proof of Theorem 1.1.

2. Preliminaries and energy estimates

In this section, we recall some elementary lemmas and give energy estimates for
smooth solutions of (1.1)-(1.4), which are crucial in the proof of Theorem 1.1.

2.1. Preliminaries

Lemma 2.1. [1] Define the Fourier truncation Sgr as follows:

_ R F(€), <R,
SAI(©) = Lo f(6) = g ©, lel

; €l > R,
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which satisfies

1
|Srf — fllas < CﬁHfHHHk, (2.1)
1 1
|Srf — Sk fllms < Cmax{ﬁ,ﬁ}HfHHsM. (2.2)

The following inequalities are used frequently in our estimates.

Lemma 2.2. [12, 13] (Gagliardo-Nirenberg inequality). Let uw € LI(R™) and its
derivatives of orderm, D™u € L", 1 < q and r < co. For the derivatives Diy, 0<
j < m, the following inequalities hold,

1D ull, < ClLD™ull? [lullg™, (2.3)

where

for all a in the interval % <a<l.

Lemma 2.3. [14, 15] (Kato-Ponce inequality) Let s > 0, p € (1,00). Assume
that f € WHPr A W% gnd g € LP2 N W%, Then

1A%(£9) = S84l < € (IV Il 1A gl + lglos 14771, ) (240)
and
1A* (), < € (11l 1%, + Nl 1411, ) (2.5)
: 1 _ 1 1 _ 1 1

2.2. Energy estimates

Proposition 2.1. For any o > 0, if the initial data ug,by € H*® (R™) with s >
max {2 +1—2a, 0}, divug = divby = 0, then there exists a time Ty = T.(|luo| -,
1bol| rrs) > 0 such that

2 2
Zup [l oy 6+ 180y (O] < Clrs T2 ol ol

and
T 2 2
/O [l gy (8) 4 81130y ()] i < Cars Toy ol o).
Proof. Multiplying (1.1) and (1.2) by u and b, respectively, after integrating by

parts and taking the divergence-free property into account, we obtain

1d

5 (Il + 1013) + 1A%w3 + 1A%8]3 = 0. 26)
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Taking the inner product of (1.1) and (1.2) with A%*u and A2®b, respectively,
we obtain

1 d 2 2 2 2 2 9
o (1o 1012 )+ (Il + 0 + e+ 00

= (A*[(b- V)], A®u) + (A*[(b- V) u], A®D)
— (A [(u- V) u], A%u) — (A*[(u- V) b], A%D)
éIl + Is + I3 + 14. (2.7)

The estimates of I;(¢ = 1,2, 3,4) are split up into the following two cases:
Case 1. When o < 7 + %, using the Lemma 2.2, Lemma 2.3, Holder and Young
inequalities, we have

1| + |Io| < (A* (b-Vb) —b- VA b, A®u) + (A® (b- V) — b VA u, Ab)
< A% (b~ V) — b- VAo A%ulls + [A® (b- V) — b- VA%ull5]| A%
< O Vb 1A _2s_[A%ulls + CI[Vbl| [A%ul|__[|A%b]2
+O|IVull s [A®b] = [[A%D]]3
< CIBl5 Bl
+Clull3lul

1 2 1 2 25 27
< G llulligera + 3 W0lose + Cllullg” + C 0l 5"

—6
ullzrs + ClIbll ™" 0l Foso el o+ 10] -

Hoso bl e 10] e

%, which implies s > & 41 — 2.

Case 2. When o > 7 + %,

where 0 =

|+ | L] < ||A° (b- Vb) — b VA®b||a|[A%ully + [|A® (b Vi) — b VA ul|5]|A®D|
< OB s |A%B]| s [[A%ull2 + CI[ Vb so | Au] s [[A%D]l2
+C|| V|| s [|A*B]_ss_ [|A°B]5
< CBlIS A5 T2 5] 30| Al
+C[b15 ™ [|A™TFF 2 B||5| A*FE 2w A% |2
+Cfull§ 0| ATFE 2 ul| AT 2 ||| A% 2

1 n 1 n i L
AT Rl 4+ AT EF RO 4 C Al + O A3

IN

2

12 L2 =7 %
< 5 [l grssa + 1 16 zr5+a + Cllull " + C bl "

n+2
Alsti+3)
Similarly, we obtain

where 6 =

T3] < [ (A° (u- Vu) —u- VA u, Au) |
< A% (u- V) —u - VA ull2[| A%l

< Cllally™ llull 2 Nl a2+

A

1 2 =5
< ulyere + Ol

(L] < [(A* (u - Vb) —u- VA*b, A"D) |
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< ||A® (u - VD) — u - VA®D||2]|A%D||2
< Cllully™ Jullfove 18l oo 10122+ + OB 10l e 1l zro+a [1Bl] 22+

1 2 1,2 =5
< 2 ullzora + 1 1] 7540 + C [0l 5" -

Combining the above estimates, we have
= (s + 1013 + 1) + (lullfra + 1811040 )
dt

N
< C (lullfs + l1ol7 +1)7

where N = 1%9 > 1.
By using Gronwall inequality, we obtain

2 2 [uollFrs + [lbollFs +1
sup (HU”H + ”bHH) < 4 4

€lo.T.] T {1=C(N = D)[[[uoli3. + 1boll. + 1N}
O
3. Local existence and uniqueness
Now we consider the following truncated MHD equations:
uff = —A*uf — vt — Sp [(u - V) u] 4+ Sk [(b7 - V) b7, (3.1)
bt = —APbf — Sp [(u™ - V) b7] + Sk [(07 - V) uf], (3.2)
divu' = 0, dive® = 0, (3.3)
(UR, bR) (1‘7 0) = (SRUO, SRbo) . (34)

Let XE = (uff, o), XE = (uf,68)T and X' = (uff,b5)T, the truncated
MHD equations (3.1)-(3.4) could be reformulated as

dXE
dt
(uf,0%) (z,0) = (Sgruo, Srbo) = X ,

= F(x"),

where

F(XP) = —A*uf — PSR [(uf - V) ul'] + PSR [(bT - V) bT]  3s)
—A2bR — PSR [(uf - V) bE] + PSR [(b7, V) uf]

and P is the Leray projection operator which projects functions onto the space of
divergence-free functions. Taking V*® = {f € H* (R") : divf =0, suppf C BR},
by using (2.1), (2.2) and the fact of ||Sgf||;. < CR?| f||2, we have

17 (X7) = F (X57)

< C (| Xoll2, R, n)||X{* — X7 (3.6)

s .-

Thus, F is locally Lipschitz continuous on any open set V*® x V5. So, the Picard’s
theorem implies that, given any initial condition X € V* x V*, there exists a
unique solution X% € C1([0,Tg); V*) x C1([0,Tg); V?*) for some Tx > 0.



Local Existence for the GMHD Equations 189

By using the similar method that is used in the proof of Proposition 2.1 and the
fact ||(ult, b8 s < ||(uo, bo)||m=, we obtain the following uniform estimates

)+ 071

"1

Hs(Rn) Hes (R™) ()S C(O{, T, HuOHHSv ”bOHHS)? (37)

and

[ T

In order to establish the continuity of w, b on the interval [0, 7] with values
in the weak topology of H*(R™)), we need the strong convergence of the sequence
(uR,bR) in L (O,T*;L2 (R")) x L (O,T*;L2 (R"))

| Wat <@ ol Iollae) - (3:8)

ooy 10 izeraer

Proposition 3.1. For any a > 0, s > max{% +1-— 204,0}, if the initial data
ug, bp € H® (R™) with divug = divbg = 0, and (uR,bR) is the solution of (3.1)-
(3.4), then it is a Cauchy sequence (as R — oo) in L (0, Ty; L* (R™)) x

L= (0,T.; L% (R")).

Proof. Without loss of generality, we assume that R’ > R > 1. Taking the
difference between the equations (3.1)-(3.2) for R and R/, we have

(uR — uR/)tz—Azo‘ (uR — uR/> -V (ﬂ'R — 7T‘R/) —Sgr [(uR - V) ult — (bR . V) bR]

+ Sp [(uR : v) uf — (bR' : v) bR’] . (3.9)
(b7 —b") = =22 (b7 —b"') S [(u - V) b7 = (b7 - V) u]
+ Sp KuR : v) bR — (bR’ -v) uR/} . (3.10)
Taking the inner product of (3.9)- (3.10) with u® — uf', bR — bR respectively,
we have
s (= o o= ) + = (s =) [ e (o2 =)

= (Sr (" V) b"] = Spr [ (7 - V) 67| 0 — )
<SR [(uR . V) uR] — Sk [(uR/ . V) uR/] Jult — uR/>

+(Sp [(b7- V) u] = Sp [(7 - ) ] 07— ")
(

(0967 — e (w7 9) 6] =)

n

For I, we have
L= = (S [(w® V) b%] = Sp [ (- V) 07] b7 —b7)
—{(Sr = Sw) [(u - 7) 7] bR — b7
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)6
e (I 4 187 ) [ (- 9) 07
= (1R + 1670

The estimate of ||( R.V)bR
When o < 2 + 1, using (2.3),

(™ - 9) 05l < Jlu™ g V07l

1-0 0
< flamafly o), AT,

|2 is split up into the following two cases:

where 0 = ";é(i;;l)
When a > 7 + %,

1™ 9) b7y < o] s 1957 s

<|

« 3 1-6 stapR 0
< [, ol fat el

implies s > § + 1 — 2a.

0
As+%+%bRH
2

n 1 1-6
+2uRH2ubRHZ

_ n+2
where 0 = GradD)
For the second term Iy,

ol = (S [(( — ™) - ) 7] b7 %)
<l

2

< 4 Hu — o ZQ +C HbRHiIHa bR — bR/HZ.
The estimate of H ((uR - uR/) . V) bR‘ is as follows:
When o < 2 + 1, using (2.3), ’
(=) - 2)or], < [l =], e
—2n_ -

1-6 6
< [um = e AR,
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n—2a+2
2(s+a)
n 1
When o > 7t 35
0| an

(G =) )] < o=
<[[ar2 (u’*—u )N

R I

where 0 =

which implies s > 5 + 1 — 2a.

0
Aer%Jr%bRH
2

HE+E

< C'HuR —

I

_ +2 soh il
where 0 = 4(;7%%), which implies s > 0.

Integrating by parts and using the divergence-free condition, we have I43 = 0.
Similarly, we have an estimate for I, which is

2

)2 ’

= R + uft =

2
_[2 SR u - — ’LLR HH" + CHURH%Iera

+ 3l

Now we estimate the other terms

L+ 1y
= (Sr [ V) b"] = Spr [ (7 V) 67| = u)
+ (S (67 9) u] = Sp [ (07 - V) uf] 67— 0
= ((Sr = Sr) [(07 - 9) ] u =) 4 (Sar [ (07 = 07) - V) 0R] L ult = )
) [ v >+

) [(
< (Sk— Sp) [(B" - <SR/ [((bR _ bR’) : v) uR} bR bR'>

£ I+ Do+ I3 + Iso.
Using the same method as is used in the estimates of Iy;, I1; and I3; can be
estimated as follows.

) uf] bt — bt

1= {(Sn = Sw) (07 9) 0] uf —ul)

1 R
< = H e bR V) bRHz
< (||uR||H e ) (| (67 - 9) 67
< I e+ 16 e

I = ((Sr— Sw) [(v7- V) ult] b7 = b)
1
= o 107 V) u
< o5 (18 + 167 ) [ 07 9)

s || -0
C
25 (I Nra + [l Fpeva) -

IN

A

IA
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Using the same method as is used in the estimates of I4o, we have
Iz = (Sw [(0% =67 - ¥) 07| uf — )

(o =0 - 2] -

! [CRE ‘2 +C o7
4 He

IN

2

R R’ 2
—u

IN

u

2
Hs+a

) .

Iy = (Sw [ (67 = 0%) - V) ] b7 ™)
(67 =) - 9) ][ - o

1 /)12 2
ol |t Il [ R

IA

2

b |

IN

2
/ 2 ’ 2
Summing up the above estimates and setting Y (t) = HuR —uf H + HbR -,
2

we have

’ 2 / 2
dy (t) _’_HUR_uR ‘ _’_HbR_bR
dt He

Ho

C 5 ) ) ,

< g (1o + 10 e + " e + 1% )
O ([ + 17y 1) VOO

By using the uniform estimates (3.7), (3.8) and the Gronwall’s inequality, we
have

sup Y (t) < ,
te[0,T.] (®) Rs

where C' depends on the parameter o and the time T. O

Now, we complete the proof of Theorem 1.1.

Proof of Theorem 1.1 Using the Banach-Alaoglu theorem, we can extract a
sequence that converges weakly to u, b € L%(0,T,; H*(R™)). Moreover, for each
t € [0,T.], the subsequence is uniformly bounded in H*(R™), so it also has a sub-
sequence that converges weakly in L°°(0,T,; H*(R™)). Hence, the limit u, b €
L>(0,T,; H*(R™)).

From Propositon 2.1 and 3.1, uf*, b® converge strongly in L>(0,T,; L*(R"™)).
By interpolation, we obtain uft, b% — u, b strongly in L>(0, Ty; HS/(R")) for any
0 < s/ < s. By using the standard argument in Majda and Bertozzi [16](proof of
Theorem 3.4), we have u,b € C\, ([0, T.]; H*(R™)). O
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