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Bifurcation of Limit Cycles of a Perturbed
Pendulum Equation∗

Jihua Yang1,†

Abstract This paper investigates the limit cycle bifurcation problem of the
pendulum equation on the cylinder of the form ẋ = y, ẏ = − sinx under per-
turbations of polynomials of sinx, cosx and y of degree n with a switching
line y = 0. We first prove that the corresponding first order Melnikov func-
tions can be expressed as combinations of anti-trigonometric functions and the
complete elliptic functions of first and second kind with polynomial coefficients
in both the oscillatory and rotary regions for arbitrary n. We also verify the
independence of coefficients of these polynomials. Then, the lower bounds for
the number of limit cycles are obtained using their asymptotic expansions with
n = 1, 2, 3.
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1. Introduction and main results

Consider the following non-smooth near-integrable differential equation

 ẋ

ẏ

 =



(
p+(x, y) + εf+(x, y)

q+(x, y) + εg+(x, y)

)
, y ≥ 0,

(
p−(x, y) + εf−(x, y)

q−(x, y) + εg−(x, y)

)
, y < 0,

(1.1)

where ε > 0 is a small parameter, and p±(x, y), q±(x, y), f±(x, y) and g±(x, y) are
C∞ smooth functions. When ε = 0, system (1.1) is a non-smooth integrable differ-
ential equation and has a family of piecewise smooth closed orbits to form a general-
ized annulus (for short, period annulus). In recent years, the limit cycle bifurcation
problems of system (1.1) have received considerable attention from mathematical
scholars, and some important results have been obtained, when p±(x, y), q±(x, y),
f±(x, y) and g±(x, y) are polynomials of x and y. See [3, 4, 7, 11–14, 18–21, 23, 24]
and the references therein. For example, the authors in [7,14] established a formu-
la for the first order Melnikov function (called Melnikov function method), which
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plays a key role in studying the number of limit cycles of system (1.1). The authors
in [4, 12, 13] developed the averaging method to non-smooth differential systems.
Then the authors in [6, 10] showed the equivalence of these two methods. The au-
thors in [20] studied the limit cycle problems of two kinds of quadratic reversible
systems with non-smooth polynomial perturbation by using Picard-Fuchs equation.

But when p±(x, y), q±(x, y), f±(x, y) and g±(x, y) are not polynomials of x and
y, such as trigonometric functions or trigonometric polynomials, there are a few
results. For instance, the authors in [2] considered a pendulum-like equation of the
form

ẍ+ sinx = ε

m∑
s=0

Qn,s(x)ẋs,

where Qn,s(x) are trigonometric polynomials of degree n, and got the upper bounds
on the number of zeros of its associated first order Melnikov functions, in both the
oscillatory and rotary regions. Another interesting perturbed whirling pendulum is
the equation

ẋ = y, ẏ = sinx(cosx− r) + εy(cosx+ a), (1.2)

where a and r ≥ 0 are real parameters, and ε > 0 is a small parameter, which was
considered in [9]. The authors proved that, depending on the value of the parameter,
the period function of system (1.2) is either monotone or has exactly one critical
point using Picard-Fuchs equation method. By using the averaging method of first
order, the authors in [1] obtained the exact number of limit cycles of the equation

ẋ = −y, ẏ = x+ ε(1 + cosm(θ))Q(x, y),

where ε > 0 is a small parameter, θ = arctan(y/x) and Q(x, y) is a polynomial of
degree n. The non-smooth form of the above equation is

ẋ = −y, ẏ = x+ ε(1 + cosm(θ))

2∑
k=1

χSk(x, y)Qk(x, y),

where χS is the characteristic function of a set S, Qk(x, y) is a polynomial of degree
n, and S1 = {(x, y) : y ≥ 0} and S2 = {(x, y) : y ≤ 0}, considered by [16]. The
authors got the exact number of limit cycles of this differential equation by using
the averaging method of first order. Recently, the authors in [17] established some
general methods on the existence of limit cycles bifurcating from closed orbits of
a near-Hamiltonian system on the cylinder by the Melnikov function method and
derived the expansions of the first order Melnikov function, which were used to
consider the bifurcation problem of limit cycles near a double homoclinic loop.

In the current work, we will give the lower bounds of the number of limit cycles
of the single pendulum

ẋ = y, ẏ = − sinx (1.3)

under perturbation of polynomials of sinx, cosx and y of degree n with the switching
line y = 0. The pendulum equation (1.3) is a Hamiltonian system with total energy

H(x, y) =
1

2
y2 − cosx+ 1, (1.4)
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Fig. 1. The phase portrait of system (1.3).

which in fact can be considered on the cylinder [−π, π] × R. It is easy to get
that system (1.3) has equilibria (jπ, 0). (2jπ, 0) are stable equilibria−centers, and
((2j + 1)π, 0) are unstable equilibria−saddle points, j = 0,±1,±2, · · · . See Fig. 1.

Since sinx is a periodic function with the period 2π, the physical state of system
(1.3) described by points (2kπ + x, y) is the same for k ∈ Z. If these points are
considered as a single point, we obtain the phase cylinder as follows

P = {(x, y)|x ∈ [−π, π], y ∈ R}.

In fact, it is formed by cutting the Euclidean plane along x = ±π and then bonding it
at the cutting. There are two types of simple closed curves on the phase cylinder P .
One type divides P into two regions, one of which is a bounded domain. These closed
curves are homotopic to zero, i.e. the closed orbit can be deformed continuously
to a point. The corresponding closed orbit is called a periodic orbit of type I. The
other type divides P into two unbounded regions, and these closed curves cannot
be homotopic to zero. The corresponding closed orbit is called a periodic orbit of
type II.

Thus, for h ∈ (0, 2), the levels {(x, y) : H(x, y) = h} are of type I, while the
corresponding levels are of type II for h ∈ (2,+∞), and they wind around the
cylinder. See Fig. 2. The region corresponding the energies h ∈ (0, 2) is usually
called oscillatory region, and the regions with energies h ∈ (2,+∞) and ±y > 0 are
called rotary region.

It is well known that any real polynomial of sinx, cosx and y of degree n can
be written as

n∑
i+j=0

ai,jy
j cosi x+

n−1∑
i+j=0

bi,jy
j cosi x sinx, i, j ∈ N,

where ai,j , bi,j ∈ R. Thus, the perturbed pendulum equation with a switching line
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Fig. 2. The phase cylinder of system (1.3).

y = 0 can be written as

 ẋ

ẏ

 =



(
y + εf+(x, y)

− sinx+ εg+(x, y)

)
, y ≥ 0,

(
y + εf−(x, y)

− sinx+ εg−(x, y)

)
, y < 0,

(1.5)

where ε > 0 is a small parameter,

f±(x, y) =

n∑
i+j=0

a±i,jy
j cosi x+

n−1∑
i+j=0

b±i,jy
j cosi x sinx,

g±(x, y) =

n∑
i+j=0

c±i,jy
j cosi x+

n−1∑
i+j=0

d±i,jy
j cosi x sinx, i, j ∈ N,

and a±i,j , b
±
i,j , c

±
i,j , d

±
i,j ∈ R. By the main results in [7, 14], one knows that the first

order Melnikov functions corresponding to three families of periodic orbits of system
(1.5) are as follows

M0(h) =

∫
Γ+
h,0

g+(x, y)dx− f+(x, y)dy

+

∫
Γ−
h,0

g−(x, y)dx− f−(x, y)dy, h ∈ (0, 2),

(1.6)

M+(h) =

∫
Γ+
h

g+(x, y)dx− f+(x, y)dy, h ∈ (2,+∞), (1.7)

M−(h) =

∫
Γ−
h

g−(x, y)dx− f−(x, y)dy, h ∈ (2,+∞), (1.8)
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where
Γ+
h,0 = {H(x, y) = h, h ∈ (0, 2), y > 0},

Γ−h,0 = {H(x, y) = h, h ∈ (0, 2), y < 0},
Γ+
h = {H(x, y) = h, h ∈ (2,+∞), y > 0},

Γ−h = {H(x, y) = h, h ∈ (2,+∞), y < 0}.

There is a beautiful relationship between the limit cycles and the zeros of the first
order Melnikov function by the mains results in [7, 8, 14, 17]: the total number
of zeros of the first non-vanishing Melnikov functions (1.6)-(1.8) can control the
number of limit cycles bifurcating from the period annuli of system (1.5). In [22],
the authors got the upper bounds of the number of limit cycles of system (1.5) using
Picard-Fuchs equation. In this article, we first obtain the algebraic structure of the
first order Melnikov functions (1.6)-(1.8). Then, the lower bounds for the number of
limit cycles of system (1.5) are obtained, by applying their asymptotic expansions
with n = 1, 2, 3. Our main results are the following two theorems.

Theorem 1.1. For n ∈ N and n ≥ 4, the following statements hold:

(i) If h ∈ (0, 2), then

M0(h) =
( [n2 ]∑
i=0

aih
i
)

arccos(1− h) +
( n−1∑
i=0

bih
i
)√

2h− h2

+
( n∑
i=0

cih
i
)
K(
√
h/2) +

( n∑
i=0

dih
i
)
E(
√
h/2
)
,

(1.9)

where ai (i = 0, 1, · · · , [n2 ]), bi (i = 0, 1, · · · , n − 1), ci (i = 1, 2, · · · , n − 2) and
di (i = 0, 1, · · · , n−1) can be chosen arbitrarily, and K(·) and E(·) are the complete
elliptic integrals of first and second kind and defined by (2.11).

(ii) If h ∈ (2,+∞), then

M±(h) =

[n2 ]∑
i=0

a±i h
i +
(√

h

n∑
i=0

b±i h
i
)
K(
√

2/h) +
(√

h

n∑
i=0

c±i h
i
)
E(
√

2/h
)
, (1.10)

where a±i (i = 0, 1, · · · , [n2 ]), b±i (i = 1, · · · , n− 2) and c±i (i = 0, 1, · · · , n− 1) can
be chosen arbitrarily.

Theorem 1.2. By properly choosing the perturbation coefficients a±ij, b
±
ij, c

±
ij and

d±ij in the perturbed pendulum equation (1.5), M0(h) can have at least 9 zeros if
n = 3; 6 zeros if n = 2; 3 zeros if n = 1, when h ∈ (0, 2); and M+(h) can have at
least 6 zeros if n = 3; 4 zeros if n = 2; 2 zero if n = 1, when h ∈ (2,+∞). The
same result holds for M−(h).

Remark 1.1. By Theorem 2.1 in [17], the total number of zeros of M0(h) and
M±(h) provide an upper bound for the number of limit cycles of system (1.5)
bifurcating from the corresponding period annulus, and the existence of multiple
simple zeros provides a lower bound for the number of limit cycles.

This paper is organized as follows. In Section 2, we obtain the detailed expres-
sions of the first order Melnikov functions and verify the independence of coefficients
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of the coefficient polynomials of several generated integrals by using mathematical
induction. Section 3 is devoted to studying the lower bounds for the number of
limit cycles of system (1.5) for n = 1, 2, 3.

2. The algebraic structure of the first order Mel-
nikov function

In order to estimate the number of zeros of the first order Melnikov functions M0(h)
and M±(h), one should study the algebraic structure of M(h). To this end, we
denote

Ii,j(h) =

∫
Γ+
h,0

yj cosi xdx, h ∈ (0, 2),

Ji,j(h) =

∫
Γ+
h

yj cosi xdx, h ∈ (2,+∞).

The next lemma shows that M0(h) and M±(h) can be expressed as a combination
of several curvilinear integrals with polynomial coefficients and some coefficients of
these polynomials can be taken as free parameters.

Lemma 2.1. For n ∈ N and n ≥ 4. Then the following statements hold:

(i) Let h ∈ (0, 2). Then

M0(h) =
( [n2 ]∑
i=0

αih
i
)
I0,0(h) +

( n−1∑
i=0

βih
i
)
I1,0(h)

+
( n−2∑
i=0

γih
i
)
I0,1(h) +

( n−1∑
i=0

δih
i
)
I1,1(h),

(2.1)

where αi, βi, γi and δi are constants and αi (i = 0, 1, · · · , [n2 ]), βi (i = 0, 1, · · · , n−
1), γi (i = 0, 1, · · · , n− 3) and δi (i = 0, 1, · · · , n− 1) can be chosen arbitrarily.

(ii) Let h ∈ (2,+∞). Then

M±(h) =
( [n2 ]∑
i=0

α±i h
i
)
J0,0(h) +

( n−1∑
i=0

β±i h
i
)
J1,0(h)

+
( n−2∑
i=0

γ±i h
i
)
J0,1(h) +

( n−1∑
i=0

δ±i h
i
)
J1,1(h),

(2.2)

where α±i , β±i , γ±i and δ±i are constants and α±i (i = 0, 1, · · · , [n2 ]), β±i (i =

0, 1, · · · , n− 1), γ±i (i = 0, 1, · · · , n− 3) and δ±i (i = 0, 1, · · · , n− 1) can be chosen
arbitrarily.

Proof. We only prove item (i) for M0(h). The proofs of M±(h) in (ii) follow in
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the same way. An easy calculation gives that∫
Γ±
h,0

yj cosi x sinxdx =

∫
Γ±
h,0

yj cosi xdy = 0,∫
Γ−
h,0

yj cosi xdx = (−1)j+1Ii,j(h),∫
Γ−
h,0

yj cosi x sinxdy = (−1)j
∫

Γ+
h,0

yj cosi x sinxdy.

(2.3)

Using the Green’s Formula, one has that

∫
Γ+
h,0

yj cosi x sinxdy =


i

j+1Ii−1,j+1(h)− i+1
j+1Ii+1,j+1(h), i ≥ 1, j ≥ 0,

− i+1
j+1Ii+1,j+1(h), i = 0, j ≥ 0,

(2.4)

and∫
Γ−
h,0

yj cosi x sinxdy =

(−1)j
(

i
j+1

Ii−1,j+1(h)− i+1
j+1

Ii+1,j+1(h)
)
, i ≥ 1, j ≥ 0,

(−1)j+1 i+1
j+1

Ii+1,j+1(h), i = 0, j ≥ 0,
(2.5)

and in (2.5) we have used that the second equality of (2.3). From (2.3), (2.4) and
(2.5) it follows that

M0(h) =

n∑
i+j=0

[c+i,j − (−1)jc−i,j ]Ii,j(h)

−
n−1∑

i+j=0

[b+i,j + (−1)jb−i,j ]
[ i

j + 1
Ii−1,j+1(h)− i+ 1

j + 1
Ii+1,j+1(h)

]

=

n∑
i+j=0

[c+i,j − (−1)jc−i,j ]Ii,j(h) +

n+1∑
i+j=2,
i≥1,j≥1

i

j
[b+i−1,j−1 − (−1)jb−i−1,j−1]Ii,j(h)

−
n−1∑

i+j=1,
i≥0,j≥1

i+ 1

j
[b+i+1,j−1 − (−1)jb−i+1,j−1]Ii,j(h)

,
n∑

i+j=0

ξi,jIi,j(h) +
∑

i+j=n+1,
i≥1,j≥1

ξi,jIi,j(h),

(2.6)

where

ξi,j =



c+i,j − c
−
i,j , 0 ≤ i ≤ n, j = 0,

c+i,j − (−1)jc−i,j − i+1
j [b+i+1,j−1 − (−1)jb−i+1,j−1]

+ i
j [b+i−1,j−1 − (−1)jb−i−1,j−1], 0 ≤ i+ j ≤ n− 1, j ≥ 1,

c+i,j − (−1)jc−i,j + i
j [b+i−1,j−1 − (−1)jb−i−1,j−1], i+ j = n, j ≥ 1,

i
j [b+i−1,j−1 − (−1)jb−i−1,j−1], i+ j = n+ 1, j ≥ 1.

If the subscript i in b±i,j is less than zero in the above equalities, then b±i,j = 0. It is
easy to check that ξi,j in (2.6) can be taken as free parameters.
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Now we claim that (2.1) holds and αi (i = 0, 1, · · · , [n2 ]), βi (i = 0, 1, · · · , n−1),
γi (i = 0, 1, · · · , n−3) and δi (i = 0, 1, · · · , n−1) can be chosen arbitrarily. In fact,
similar to (2.17) and (2.19) in [22], one has that

Ii,j(h) = 2(h− 1)Ii,j−2(h) + 2Ii+1,j−2(h), (2.7)

and

Ii,j(h) =
1

2i+ j

[
2(i− 2)(h− 1)Ii−3,j(h)− 2(i− 1)(h− 1)Ii−1,j(h)

+ (2i+ j − 2)Ii−2,j(h)
]
.

(2.8)

Next we will prove the claim by induction on n. Indeed, a direct computation
using the above two equalities (2.7) and (2.8) gives that

I0,2(h) = 2(h− 1)I0,0(h) + 2I1,0(h),

I2,0(h) = 1
2I0,0(h)− 1

2 (h− 1)I1,0(h),

I0,3(h) = 2(h− 1)I0,1(h) + 2I1,1(h),

I1,2(h) = (h− 1)I1,0(h) + I0,0(h),

I2,1(h) = 3
5I0,1(h)− 2

5 (h− 1)I1,1(h),

I3,0(h) = (1
3h

2 − 2
3h+ 1)I1,0(h),

I0,4(h) = 2(2h2 − 4h+ 3)I0,0(h) + 6(h− 1)I1,0(h),

I1,3(h) = 6
5I0,1(h) + 6

5 (h− 1)I1,1(h),

I2,2(h) = (h− 1)I0,0(h)− 1
3 (h2 − 2h− 3)I1,0(h),

I3,1(h) = − 2
35 (h− 1)I0,1(h) + 1

35 (8h2 − 16h+ 33)I1,1(h),

I4,0(h) = 3
8I0,0(h)− 1

8 (2h3 − 6h2 + 9h− 5)I1,0(h),

and

I0,5(h) = 4
5 (5h2 − 10h+ 8)I0,1(h) + 32

5 (h− 1)I1,1(h),

I1,4(h) = 4(h− 1)I0,0(h) + 4
3 (h2 − 2h+ 3)I1,0(h),

I2,3(h) = 38
35 (h− 1)I0,1(h)− 2

35 (6h2 − 12h− 19)I1,1(h),

I3,2(h) = 3
4I0,0(h) + 1

12 (2h3 − 6h2 + 13h− 9)I1,0(h),

I4,1(h) = 1
105 (4h2 − 8h+ 53)I0,1(h)− 4

105 (4h3 − 12h2 + 21h− 13)I1,1(h),

I5,0(h) = 1
15 (3h4 − 12h3 + 22h2 − 20h+ 15)I1,0(h),

I1,5(h) = 32
7 (h− 1)I0,1(h) + 4

7 (3h2 − 6h+ 8)I1,1(h),

I2,4(h) = 1
2 (4h2 − 8h+ 7)I0,0(h)− 1

6 (2h3 − 6h2 − 17h+ 21)I1,0(h),

I3,3(h) = − 2
105 (2h2 − 4h− 47)I0,1(h) + 2

105 (8h3 − 24h2 + 63h− 47)I1,1(h),

I4,2(h) = 3
4 (h− 1)I0,0(h)− 1

60 (6h4 − 24h3 + 49h2 − 50h− 45)I1,0(h),

I5,1(h) = − 4
1155 (8h3 − 24h2 + 41h− 25)I0,1(h)

+ 1
1155 (128h4 − 512h3 + 1020h2 − 1016h1055)I1,1(h).

Hence, one has that

5∑
i+j=0

ξi,jIi,j(h) =

4∑
i+j=0

ξi,jIi,j(h) +
∑

i+j=5,
i≥1,j≥1

ξi,jIi,j(h)

=
(
α̌2h

2 + α̌1h+ α̌0

)
I0,0(h) +

(
β̌3h

3 + β̌2h
2 + β̌1h+ β̌0

)
I1,0(h)

+
(
γ̌2h

2 + γ̌1h+ γ̌0

)
I0,1(h) +

(
δ̌3h

3 + δ̌2h
2 + δ̌1h+ δ̌0

)
I1,1(h),
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and
6∑

i+j=0

ξi,jIi,j(h) =

5∑
i+j=0

ξi,jIi,j(h) +
∑

i+j=6,
i≥1,j≥1

ξi,jIi,j(h)

=
(
α̂2h

2 + α̂1h+ α̂0

)
I0,0(h)

+
(
β̂4h

4 + β̂3h
3 + β̂2h

2 + β̂1h+ β̂0

)
I1,0(h)

+
(
γ̂3h

3 + γ̂2h
2 + γ̂1h+ γ̂0

)
I0,1(h)

+
(
δ̂4h

4 + δ̂3h
3 + δ̂2h

2 + δ̂1h+ δ̂0
)
I1,1(h),

where

α̌2 = 4ξ0,4, α̌1 = 2ξ0,2 − 8ξ0,4 + ξ2,2 + 4ξ1,4,

α̌0 = ξ0,0 − 2ξ0,2 + 1
2ξ2,0 + ξ1,2 − ξ2,2 + 3

8ξ4,0 + 6ξ0,4 − 4ξ1,4 + 3
4ξ2,2,

β̌3 = − 1
4ξ4,0 + 1

6ξ3,2, β̌2 = 1
3ξ3,0 −

1
3ξ2,2 + 3

4ξ4,0 + 4
3ξ1,4 −

1
2ξ3,2,

β̌1 = ξ1,2 − 2
3ξ3,0 −

1
2ξ2,0 + 6ξ0,4 + 2

3ξ2,2 −
9
8ξ4,0 −

8
3ξ1,4 + 13

12ξ3,2,

β̌0 = ξ1,0 + 2ξ0,2 + 1
2ξ2,0 − ξ1,2 + ξ3,0 − 6ξ0,4 + ξ2,2 + 5

8ξ4,0 + 4ξ1,4 − 3
4ξ3,2,

γ̌2 = 4
105ξ4,1, γ̌1 = 2ξ0,3 − 2

35ξ3,1 + 38
35ξ2,3 −

8
105ξ4,1,

γ̌0 = ξ0,1 − 2ξ0,3 + 3
5ξ2,1 + 6

5ξ1,3 + 2
35ξ3,1 −

38
35ξ2,3 + 53

105ξ4,1,

δ̌3 = − 16
105ξ4,1, δ̌2 = 8

35ξ3,1 −
12
35ξ2,3 + 16

35ξ4,1,

δ̌1 = − 2
5ξ2,1 + 6

5ξ1,3 −
16
35ξ3,1 + 24

35ξ2,3 −
4
5ξ4,1,

δ̌0 = ξ1,1 + 2
5ξ2,1 + 2ξ0,3 − 6

5ξ1,3 + 33
35ξ3,1 + 38

35ξ2,3 + 52
105ξ4,1,

and

α̂2 = 4ξ0,4 + 2ξ2,4, α̂1 = 2ξ0,2 − 8ξ0,4 + ξ2,2 + 4ξ1,4 + 3
4ξ4,2 − 4ξ2,4,

α̂0 = ξ0,0 − 2ξ0,2 + 1
2ξ2,0 + ξ1,2 − ξ2,2 + 3

8ξ4,0

+6ξ0,4 − 4ξ1,4 + 3
4ξ3,2 −

3
4ξ4,2 + 7

2ξ2,4,

β̂4 = 1
5ξ5,0 −

1
10ξ4,2, β̂3 = − 1

4ξ4,0 + 1
6ξ3,2 −

4
5ξ5,0 + 2

5ξ4,2 −
1
3ξ2,4,

β̂2 = 1
3ξ3,0 −

1
3ξ2,2 + 3

4ξ4,0 + 4
3ξ1,4 −

1
2ξ3,2 + 22

15ξ5,0 −
49
60ξ4,2 + ξ2,4,

β̂1 = ξ1,2 − 2
3ξ3,0 −

1
2ξ2,0 + 6ξ0,4 + 2

3ξ2,2 −
9
8ξ4,0

− 8
3ξ1,4 + 13

12ξ3,2 −
4
3ξ5,0 + 5

6ξ4,2 + 17
6 ξ2,4,

β̂0 = ξ1,0 + 2ξ0,2 + 1
2ξ2,0 − ξ1,2 + ξ3,0 − 6ξ0,4 + ξ2,2

+ 5
8ξ4,0 + 4ξ1,4 − 3

4ξ3,2 + ξ5,0 + 3
4ξ4,2 −

7
2ξ2,4,

γ̂3 = − 32
1155ξ5,1, γ̂2 = 4ξ0,5 + 4

105ξ4,1 + 32
385ξ5,1 −

4
105ξ3,3,

γ̂1 = 2ξ0,3 − 2
35ξ3,1 − 8ξ0,5 + 38

35ξ2,3 −
8

105ξ4,1 −
164
1155ξ5,1 + 8

105ξ3,3 + 32
7 ξ1,5,

γ̂0 = ξ0,1 − 2ξ0,3 + 3
5ξ2,1 + 6

5ξ1,3 + 2
35ξ3,1 + 32

5 ξ0,5 −
38
35ξ2,3

+ 53
105ξ4,1 + 20

231ξ5,1 + 94
105ξ3,3 −

32
7 ξ1,5,

δ̂4 = 128
1155ξ5,1, δ̂3 = − 16

105ξ4,1 −
512
1155ξ5,1 + 16

105ξ3,3,

δ̂2 = 8
35ξ3,1 −

12
35ξ2,3 + 16

35ξ4,1 + 68
77ξ5,1 −

16
35ξ3,3 + 12

7 ξ1,5,

δ̂1 = − 2
5ξ2,1 + 6

5ξ1,3 −
16
35ξ3,1 + 32

5 ξ0,5 + 24
35ξ2,3 −

4
5ξ4,1

− 1016
1155ξ5,1 + 6

5ξ3,3 −
24
7 ξ1,5,

δ̂0 = ξ1,1 + 2
5ξ2,1 + 2ξ0,3 − 6

5ξ1,3 + 33
35ξ3,1 −

32
5 ξ0,5 + 38

35ξ2,3

+ 52
105ξ4,1 + 211

231ξ5,1 −
94
105ξ3,3 + 32

7 ξ1,5.
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A simple computation shows that

det A4 = det
( ∂(α̂2, α̂1, α̂0, β̂3, β̂2, β̂1, β̂0, δ̂3, δ̂2, δ̂1, δ̂0, γ̂1, γ̂0)

∂(ξ0,4, ξ0,2, ξ0,0, ξ4,0, ξ3,0, ξ2,0, ξ1,0, ξ4,1, ξ3,1, ξ2,1, ξ1,1, ξ2,3, ξ1,3)

)
=

17664

214375
,

and

A5 =
∂(α̂2, α̂1, α̂0, β̂3, β̂2, β̂1, β̂0, δ̂3, δ̂2, δ̂1, δ̂0, γ̂1, γ̂0, β̂4, δ̂4, γ̂2)

∂(ξ0,4, ξ0,2, ξ0,0, ξ4,0, ξ3,0, ξ2,0, ξ1,0, ξ4,1, ξ3,1, ξ2,1, ξ1,1, ξ2,3, ξ1,3, ξ5,0, ξ5,1, ξ3,3)

=


A4 Ā1 Ā2 Ā3

0 1
5 0 0

0 0 128
1155 0

0 0 32
385 −

4
105

 ,

where 0 is a row vector, and Āi, i = 1, 2, 3 are column vectors. A straightforward
calculation gives that

det A5 = −det A4 ×
1

5
× 128

1155
× 4

105
=

3014656

43330546875
.

The above discussions yield that the claim holds for n = 4, 5.

Now assume that the claim holds for
k+1∑
i+j=0

ξi,jIi,j(h), k ≤ n− 1(n ≥ 4). In view

of (2.7) and (2.8), one gets that



I0,n

I1,n

I2,n−1

...

In−1,2

In,1

In,0


=



2(h− 1)I0,n−2 + 2I1,n−2

2(h− 1)I1,n−2 + 2I2,n−2

2(h− 1)I2,n−3 + 2I3,n−3

...

2(h− 1)In−1,0 + 2In,0

1
2n+1

[
(2n− 1)In−2,1 − (2n− 2)(h− 1)In−1,1 + (2n− 4)(h− 1)In−3,1

]
1
n

[
(n− 1)In−2,0 − (n− 1)(h− 1)In−1,0 + (n− 2)(h− 1)In−3,0

]


.

Therefore, by the induction hypothesis and noticing that I0,n(h) and In,0(h) do
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not appear in
k+1∑
i+j=0

ξi,jIi,j(h), k ≤ n− 1, one finds that, for k = n

n+1∑
i+j=0

ξi,jIi,j(h) =

n−1∑
i+j=0

ξi,jIi,j(h) +

n∑
i+j=1

i≥1,j≥1

ξi,jIi,j(h)

+ ξ0,nI0,n(h) + ξn,0In,0(h) +
∑

i+j=n+1
i≥1,j≥1

ξi,jIi,j(h)

=
( [n−1

2
]∑

i=0

α̃ih
i
)
I0,0 +

( n−2∑
i=0

β̃ih
i
)
I1,0 +

( n−3∑
i=0

γ̃ih
i
)
I0,1 +

( n−2∑
i=0

δ̃ih
i
)
I1,1

+ 2ξ0,n[(h− 1)I0,n−2(h) + I1,n−2(h)] +
ξn,0

n
[(n− 1)In−2,0(h)

− (n− 1)(h− 1)In−1,0(h) + (n− 2)(h− 1)In−3,0(h)]

+ 2ξ1,n[2(h− 1)I1,n−2(h) + I2,n−2(h)]

+ 2ξ2,n−1[2(h− 1)I2,n−3(h) + I3,n−3(h)] + · · ·

+
ξn,1

2n+ 1
[(2n− 1)In−2,1(h)− 2(n− 1)(h− 1)In−1,1(h)

+ 2(n− 2)(h− 1)In−3,1(h)]

,
( [n

2
]∑

i=0

ᾱih
i
)
I0,0(h) +

( n−1∑
i=0

β̄ih
i
)
I1,0(h)

+
( n−2∑

i=0

γ̄ih
i
)
I0,1(h) +

( n−1∑
i=0

δ̄ih
i
)
I1,1(h),

(2.9)

where α̃i, β̃i, γ̃i, δ̃i, ᾱi, β̄i, γ̄i and δ̄i are constants.

Next, we will prove that ᾱi, i = 0, 1, 2, · · · , [n2 ], β̄i, i = 0, 1, 2, · · · , n − 1, γ̄i,

i = 0, 1, 2, · · · , n − 3 and δ̄i, i = 0, 1, 2, · · · , n − 1 can be taken as free parameters.
In fact, by the induction hypothesis, one obtains that α̃i, i = 0, 1, 2, · · · , [n−1

2 ],

β̃i, i = 0, 1, 2, · · · , n − 2 , γ̃i, i = 0, 1, 2, · · · , n − 4 and δ̃i, i = 0, 1, 2, · · · , n − 2
are independent of each other. That is, the determinant of the following Jacobian
matrix

A0 =

∂
(
α̃

[n−1
2

]
, · · · , α̃0, β̃n−2, · · · , β̃0,

δ̃n−2, · · · , δ̃0, γ̃n−4, · · · , γ̃0

)
∂
(
ξi0,j

[n−1
2

]
, · · · , ξi

[n−1
2

]
,j0 , ξk0,ln−2 , · · · , ξkn−2,l0 ,

ξp0,qn−2 , · · · , ξpn−2,q0 , ξs0,tn−4 , · · · , ξsn−4,t0

)

is not equal to zero. Here ξ0,n and ξn,0 do not appear in the above Jacobian matrix
A0, and the sum of subscripts of ξi,j in the Jacobian matrix is less than or equal to
n . When n ≥ 4 is an even number, some explicit computations give the following
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Jacobian matrix

A =

∂
(
ᾱ[n−1

2 ], · · · , ᾱ0, β̄n−2, · · · , β̄0, δ̄n−2, · · · , δ̄0,

γ̄n−4, · · · , γ̄0, ᾱ[ n2 ], β̄n−1, δ̄n−1, γ̄n−3

)
∂
(
ξi0,j[n−1

2
]
, · · · , ξi

[n−1
2

]
,j0 , ξk0,ln−2

, · · · , ξkn−2,l0 , ξp0,qn−2
, · · · , ξpn−2,q0 ,

ξs0,tn−4 , · · · , ξsn−4,t0 , ξ0,n, ξn,0, ξn,1, ξn−2,3

)

=



A0 A1 A2 A3 A4

0 2[n2 ] 0 0 0

0 0 − 1
n 0 0

0 0 0
n∏
i=2

2(1−i)
2i+1 0

0 0 0 ∗ ν


,

in view of (2.7) and (2.8), where 0 is a row vector, Ai, i = 1, 2, 3, 4 are column
vectors and

ν =

{
38
35 , n = 4,

(−1)n 9
2

(2n−6)!!
(2n−1)!! , n ≥ 5.

(2.10)

It is easy to get that

|A| = −2[n2 ]υ

n

n∏
i=2

2(1− i)
2i+ 1

|A0| 6= 0,

which implies that ᾱi, i = 0, 1, 2, · · · , [n2 ], β̄j , j = 0, 1, 2, · · · , n − 1, γ̄i, i =
0, 1, 2, · · · , n − 3 and δ̄i, i = 0, 1, 2, · · · , n − 1 can be taken as free parameters.
When n ≥ 4 is an odd number, a similar calculation gives that

A =

∂
(
ᾱ[n−1

2 ], · · · , ᾱ0, β̄n−2, · · · , β̄0, δ̄n−3, · · · , δ̄0,

γ̄n−5, · · · , γ̄0, β̄n−1, δ̄n−1, γ̄n−3

)
∂
(
ξi0,j[n−1

2
]
, · · · , ξi

[n−1
2

]
,j0 , ξk0,ln−2 , · · · , ξkn−2,l0 , ξp0,qn−3 , · · · , ξpn−3,q0 ,

ξs0,tn−5
, · · · , ξsn−5,t0 , ξn,0, ξn,1, ξn−2,3

)

=



A0 A5 A6 A7

0 1
n 0 0

0 0
n−1∏
i=2

2(1−i)
2i+1 0

0 0 ∗ ν


,

where Ai, i = 5, 6, 7 are column vectors. And

|A| = υ

n

n−1∏
i=2

2(1− i)
2i+ 1

|A0| 6= 0.
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This ends the proof.

Remark 2.1. When n = 5, in view of (2.7) and (2.8), one can obtain that the
coefficient polynomials of I0,1(h) and I1,1(h) are − 32

1155ξ5,1h
3 + · · · and 128

1155ξ5,1h
4 +

· · · , respectively. That is, γ3 = − 32
1155ξ5,1 and δ4 = 128

1155ξ5,1, which shows that γ3

and δ4 are interdependent. Hence, all the coefficients of the coefficient polynomials
of I0,0(h), I1,0(h), I0,1(h) and I1,1(h) in (2.1) can not be chosen arbitrarily unless
one of γn−2 and δn−1 is removed.

Next we want to express the first order Melnikov functions in terms of the
complete elliptic integrals of first and second kind K and E. We need a result
derived in [2], which we state in Lemma 2.2 below.

Lemma 2.2. [2]. Let the complete elliptic integrals of first and second kind be

K(k) =

∫ π
2

0

dθ√
1− k2 sin2 θ

, E(k) =

∫ π
2

0

√
1− k2 sin2 θdθ, k ∈ (−1, 1).(2.11)

Then, the following statements hold:

(1) Let h ∈ (0, 2). Then

I0,1(h) = 2
√

2
[
(h− 2)K(

√
h/2) + 2E(

√
h/2)

]
,

I1,1(h) =
2
√

2

3

[
(2− h)K(

√
h/2) + 2(h− 1)E(

√
h/2)

]
;

(2.12)

(2) Let h ∈ (2,+∞). Then

J0,1(h) = 2
√

2hE(
√

2/h),

J1,1(h) =
2

3

√
2h
[
(2− h)K(

√
2/h) + (h− 1)E(

√
2/h)

]
.

(2.13)

Proof of Theorem 1.1. (i) A straightforward calculation yields that

I0,0(h) = 2 arccos(1− h), I1,0(h) = 2
√

2h− h2. (2.14)

Inserting (2.12) and (2.14) into (2.1) gives that (1.9). Moreover,

ai = 2αi, 0 ≤ i ≤ [
n

2
], bi = 2βi, 0 ≤ i ≤ n− 1,

c0 = −4
√

2γ0 +
4
√

2

3
δ0,

ci = 2
√

2γi−1 − 4
√

2γi −
2
√

2

3
δi−1 +

4
√

2

3
δi, 1 ≤ i ≤ n− 2,

cn−1 = 2
√

2γn−2 −
2
√

2

3
δn−2 +

4
√

2

3
δn−1, cn = −2

√
2

3
δn−1,

d0 = 4
√

2γ0 −
4
√

2

3
δ0,

di = 4
√

2γi +
4
√

2

3
δi−1 −

4
√

2

3
δi, 1 ≤ i ≤ n− 2,

dn−1 =
4
√

2

3
δn−2 −

4
√

2

3
δn−1, dn =

4
√

2

3
δn−1.

(2.15)
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Now the independence of the constant coefficients in (1.9) follows by induction.
Indeed, using (2.15), one finds that

B3 =
∂
(
d0, d1, d2, c1

)
∂
(
δ0, δ1, δ2, γ0

) =


− 4
√

2
3 0 0 4

√
2

4
√

2
3 − 4

√
2

3 0 0

0 4
√

2
3 − 4

√
2

3 0

− 2
√

2
3

4
√

2
3 0 2

√
2

 ,

B4 =
∂
(
d0, d1, d2, c1,d3, c2

)
∂
(
δ0, δ1, δ2, γ0, δ3, γ1

) =



− 4
√

2
3 0 0 4

√
2 0 0

4
√

2
3 − 4

√
2

3 0 0 0 4
√

2

0 4
√

2
3 − 4

√
2

3 0 0 0

− 2
√

2
3

4
√

2
3 0 2

√
2 0 −4

√
2

0 0 4
√

2
3 0 − 4

√
2

3 0

0 − 2
√

2
3

4
√

2
3 0 0 2

√
2


.

A direct calculation shows that |B3| = − 1024
27 . In the matrix B4, multiplying the

second and third columns by three, respectively, and then adding them to the sixth
column, one gets that

B̄4 =



− 4
√

2
3 0 0 4

√
2 0 0

4
√

2
3 − 4

√
2

3 0 0 0 0

0 4
√

2
3 − 4

√
2

3 0 0 0

− 2
√

2
3

4
√

2
3 0 2

√
2 0 0

0 0 4
√

2
3 0 − 4

√
2

3 4
√

2

0 − 2
√

2
3

4
√

2
3 0 0 4

√
2


.

By the property of determinant, one obtains that

|B4| = |B̄4| =
32768

81
.

Thus, d0, d1, d2, d3, c1 and c2 are independent. Now assume that the statement
holds for all i ≤ n− 1 (n ≥ 4). That is, the determinant of the following matrix

B0 =
∂
(
d0, d1, · · · , dn−3, dn−2, c1, c2, · · · , cn−3

)
∂
(
δ0, δ1, · · · , δn−3, δn−2, γ0, γ1, · · · , γn−4

)
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is different from zero. In view of (2.15), one has that

B =
∂
(
d0, d1, · · · , dn−3, dn−2, c1, c2, · · · , cn−3,dn−1, cn−2

)
∂
(
δ0, δ1, · · · , δn−3, δn−2, γ0, γ1, · · · , γn−4, δn−1, γn−3

)

=



− 4
√

2
3

0 · · · 0 0 4
√

2 0 · · · 0 0 0

4
√

2
3
− 4
√

2
3
· · · 0 0 0 4

√
2 · · · 0 0 0

...
...

...
...

...
...

...
...

...
...

...

0 0 · · · − 4
√

2
3

0 0 0 · · · 0 0 4
√

2

0 0 · · · 4
√

2
3
− 4
√

2
3

0 0 · · · 0 0 0

− 2
√

2
3

4
√

2
3
· · · 0 0 2

√
2 −4

√
2 · · · 0 0 0

0 − 2
√

2
3
· · · 0 0 0 2

√
2 · · · 0 0 0

...
...

...
...

...
...

...
...

...
...

...

0 0 · · · 4
√

2
3

0 0 0 · · · 2
√

2 0 −4
√

2

0 0 · · · 0 4
√

2
3

0 0 · · · 0 − 4
√

2
3

0

0 0 · · · − 2
√

2
3

4
√

2
3

0 0 · · · 0 0 2
√

2



.

Similarly, in the matrix B, multiplying the (n − 2)th and (n − 1)th columns by
three, respectively, and then adding them to the last column, one gets that

B̄ =



− 4
√

2
3

0 · · · 0 0 4
√

2 0 · · · 0 0 0

4
√

2
3
− 4
√

2
3
· · · 0 0 0 4

√
2 · · · 0 0 0

...
...

...
...

...
...

...
...

...
...

...

0 0 · · · − 4
√

2
3

0 0 0 · · · 0 0 0

0 0 · · · 4
√

2
3
− 4
√

2
3

0 0 · · · 0 0 0

− 2
√

2
3

4
√

2
3
· · · 0 0 2

√
2 −4

√
2 · · · 0 0 0

0 − 2
√

2
3
· · · 0 0 0 2

√
2 · · · 0 0 0

...
...

...
...

...
...

...
...

...
...

...

0 0 · · · 4
√

2
3

0 0 0 · · · 2
√

2 0 0

0 0 · · · 0 4
√

2
3

0 0 · · · 0 − 4
√

2
3

4
√

2

0 0 · · · − 2
√

2
3

4
√

2
3

0 0 · · · 0 0 4
√

2



.

Hence,

|B| = |B̄| = −32

3
|B0| 6= 0.

Observe that ai is expressed by αi and bi is expressed by βi. One has that
ai (i = 0, 1, · · · , [n2 ]), bi (i = 0, 1, · · · , n − 1), ci (i = 1, 2, · · · , n − 2) and di (i =
0, 1, · · · , n− 1) can be chosen arbitrarily.

The proof of the conclusion (ii) follows by using the same arguments which we
omit for the sake of brevity. This ends the proof of Theorem 1.1.
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3. The lower bounds for the number of limit cycles

Once we are able to get the desired expansions forM0(h) andM±(h) with n = 1, 2, 3,
we may use some known results [5, 7, 14, 15, 17] to obtain the lower bounds of the
number of limit cycles of system (1.5).

Lemma 3.1. For n = 3, the following statements hold.

(i) If 0 < h� 1, then

M0(h) =σ1h
1
2 + σ2h+ σ3h

3
2 + σ4h

2 + σ5h
5
2 + σ6h

3

+ σ7h
7
2 + σ8h

4 + σ9h
9
2 + σ10h

10 + o(h10),
(3.1)

where σi, i = 1, 2, · · · , 10 are constants and can be chosen arbitrarily.

(ii) If 0 < h− 2� 1, then

M±(h) =ρ±0 + ρ1(h− 2) + ρ±2 (h− 2) ln(h− 2) + ρ±3 (h− 2)2

+ ρ±4 (h− 2)2 ln(h− 2) + ρ±5 (h− 2)3 + o((h− 2)3),
(3.2)

where ρ±i , i = 0, 1, · · · , 5 are constants and can be chosen arbitrarily.

Proof. (i) By (2.9), one gets that

M0(h) =

3∑
i+j=0

ξi,jIi,j(h) +
∑

i+j=4,
i≥1,j≥1

ξi,jIi,j(h)

=
[
(2ξ0,2 + ξ2,2)h+ ξ0,0 − 2ξ0,2 +

1

2
ξ2,0 + ξ1,2 − ξ2,2

]
I0,0(h)

+
[1

3
(ξ3,0 − ξ2,2)h2 +

(
ξ1,2 −

2

3
ξ3,0 −

1

2
ξ2,0 +

2

3
ξ2,2
)
h

+ ξ1,0 + 2ξ0,2 +
1

2
ξ2,0 − ξ1,2 + ξ3,0 + ξ2,2

]
I1,0(h)

+
[
(2ξ0,3 −

2

35
ξ3,1)h+ ξ0,1 − 2ξ0,3 +

3

5
ξ2,1 +

6

5
ξ1,3 +

2

35
ξ3,1
]
I0,1(h)

+
[ 8

35
ξ3,1h

2 +
(6

5
ξ1,3 −

16

35
ξ3,1 −

2

5
ξ2,1
)
h

+ ξ1,1 +
2

5
ξ2,1 + 2ξ0,3 −

6

5
ξ1,3 +

33

35
ξ3,1
]
I1,1(h)

=
(
α1h+ α0

)
I0,0(h) +

(
β2h

2 + β1h+ β0

)
I1,0(h)

+
(
γ1h+ γ0

)
I0,1(h) +

(
δ2h

2 + δ1h+ δ0
)
I1,1(h).

(3.3)

It is easy to check that αi (i = 0, 1), βj (j = 0, 1, 2), γk (k = 0, 1) and δl (l = 0, 1, 2)
are independent of each other.

With the help of the command “series” in Maple 18, one has the following
generalized series expansions of I0,0(h) and I1,0(h) for 0 < h� 1

I0,0(h) = 2
√

2h
1
2 +

√
2

6
h

3
2 +

3
√

2

80
h

5
2 +

5
√

2

448
h

7
2 +

35
√

2

9216
x

9
2 + o(h

9
2 ),

I1,0(h) = 2
√

2h
1
2 −
√

2

2
h

3
2 −
√

2

16
h

5
2 −
√

2

64
h

7
2 − 5

√
2

1024
h

9
2 + o(h

9
2 ).

(3.4)
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To prove the desired conclusion, it suffices to obtain the expansions of K(k) and
E(k) for k ∈ (−1, 1). Taking x = k2 sin2 θ in the following series

(1− x)−
1
2 = 1 +

1

2
x+

3!!

4!!
x2 + · · ·+ (2n− 1)!!

(2n)!!
xn + · · · , x ∈ [−1, 1),

one gets that, for k ∈ (−1, 1),

(1− k2 sin2 θ)−
1
2 =1 +

1

2
k2 sin2 θ +

3!!

4!!
k4 sin4 θ + · · ·

+
(2n− 1)!!

(2n)!!
k2n sin2n θ + · · · .

(3.5)

Since the series (3.5) is uniformly convergent, integrating it item by item from 0 to
π
2 gives that

K(k) =
π

2
+
π

2

+∞∑
n=1

( (2n− 1)!!

(2n)!!

)2

k2n, k ∈ (−1, 1). (3.6)

Similarly, one obtains that

E(k) =
π

2
− π

2

+∞∑
n=1

( (2n− 1)!!

(2n)!!

)2 k2n

2n− 1
, k ∈ (−1, 1), (3.7)

in view of

(1− x)
1
2 = 1− 1

2
x− 1

4!!
x2 − 3!!

6!!
x3 − · · · − (2n− 3)!!

(2n)!!
xn − · · · , x ∈ [−1, 1].

A direct calculation using (2.12), (3.3), (3.4), (3.6) and (3.7) yields that

M0(h) =σ1h
1
2 + σ2h+ σ3h

3
2 + σ4h

2 + σ5h
5
2

+ σ6h
3 + σ7h

7
2 + σ8h

4 + σ9h
9
2 + σ10h

5 + o(h5),

where

σ1 = 2
√

2(α0 + β0), σ2 =

√
2π

2
(γ0 + δ0),

σ3 =

√
2

6
α0 + 2

√
2α1 −

√
2

2
β0 + 2

√
2β1,

σ4 =

√
2π

32
γ0 +

√
2π

2
γ1 −

3
√

2π

32
δ0 +

√
2π

2
δ1,

σ5 =
3
√

2

80
α0 +

√
2

6
α1 −

√
2

16
β0 −

√
2

2
β1 + 2

√
2β2,

σ6 =
3
√

2π

512
γ0 +

√
2π

32
γ1 −

5
√

2π

512
δ0 −

3
√

2π

32
δ1 +

√
2π

2
δ2,

σ7 =
5
√

2

448
α0 +

3
√

2

80
α1 −

√
2

64
β0 −

√
2

16
β1 −

√
2

2
β2,

σ8 =
25
√

2π

16384
γ0 +

3
√

2π

512
γ1 −

35
√

2π

16384
δ0 −

5
√

2π

512
δ1 −

3
√

2π

32
δ2,

σ9 =
35
√

2

9216
α0 +

5
√

2

448
α1 −

5
√

2

1024
β0 −

√
2

64
β1 −

√
2

16
β2,

σ10 =
245
√

2π

524288
γ0 +

25
√

2π

16384
γ1 −

315
√

2π

524288
δ0 −

35
√

2π

16384
δ1 −

5
√

2π

512
δ2.
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Then, using the above equalities, one finds that the determinant of the following
Jacobian matrix

∂(σ1, σ3, σ5, σ7, σ9, σ2, σ4, σ6, σ8, σ10)

∂(α0, α1, β0, β1, β2, γ0, γ1, δ0, δ1, δ2)

is 1
6193152π

5, which means that σi, i = 1, 2, · · · , 10 can be chosen arbitrarily.

(ii) We only prove the conclusion for M+(h). The proof of M−(h) follows in the
same way. Similar to (3.3), one can obtain that

M+(h) =
(
α+

1 h+ α+
0

)
J0,0(h) +

(
β+

2 h
2 + β+

1 h+ β+
0

)
J1,0(h)

+
(
γ+

1 h+ γ+
0

)
J0,1(h) +

(
δ+
2 h

2 + δ+
1 h+ δ+

0

)
J1,1(h),

(3.8)

and α+
i (i = 0, 1), β+

j (j = 0, 1, 2), γ+
k (k = 0, 1) and δ+

l (l = 0, 1, 2) are independent

of each other. Note that J0,0(h) = 2π, J1,0(h) = 0. Using the expansions for
0 < h− 2� 1 which are obtained by the command “series” in Maple 18,

√
h(2− h)K(

√
2/h) =− 5

√
2 ln 2

2
(h− 2) +

√
2

2
(h− 2) ln(h− 2)−

√
2

16
(15 ln 2 + 2)(h− 2)2

+
3
√

2

16
(h− 2)2 ln(h− 2) +

√
2

512
(35 ln 2− 11)(h− 2)3

− 7
√

2

512
(h− 2)3 ln(h− 2) + o((h− 2)4),

√
hE(

√
2/h) =

√
2 +

√
2

8
(1 + 5 ln 2)(h− 2)−

√
2

8
(h− 2) ln(h− 2)

+

√
2

256
(3− 10 ln 2)(h− 2)2 +

√
2

128
(h− 2)2 ln(h− 2)

+
3
√

2

2048
(5 ln 2− 2)(h− 2)3 − 3

√
2

2048
(h− 2)3 ln(h− 2) + o((h− 2)4),

√
h(h− 1)E(

√
2/h) =

√
2 +

√
2

8
(9 + 5 ln 2)(h− 2)−

√
2

8
(h− 2) ln(h− 2)

+
5
√

2

256
(7 + 30 ln 2)(h− 2)2 − 15

√
2

128
(h− 2)2 ln(h− 2)

−
√

2

2048
(65 ln 2− 18)(h− 2)3 +

13
√

2

2048
(h− 2)3 ln(h− 2)

+ o((h− 2)4),

one obtains that

M+(h) =ρ+
0 + ρ1(h− 2) + ρ+

2 (h− 2) ln(h− 2) + ρ+
3 (h− 2)2 + ρ+

4 (h− 2)2 ln(h− 2)

+ ρ+
5 (h− 2)3 + ρ+

6 (h− 2)3 ln(h− 2) + o((h− 2)4), 0 < h− 2� 1,
(3.9)
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where

ρ+
0 =2πα+

0 + 4πα+
1 + 4γ+

0 + 8γ+
1 +

4

3
δ+
0 +

8

3
δ+
1 +

16

3
δ+
2 ,

ρ+
1 =2πα+

1 +
1

2
(5 ln 2 + 1)γ+

0 + 5(ln 2 + 1)γ+
1

+
1

2
(3− 5 ln 2)δ+

0 +
1

3
(13− 15 ln 2)δ+

1 +
2

3
(17− 15 ln 2)δ+

2 ,

ρ+
2 =− 1

2
γ+

0 − γ
+
1 +

1

2
δ+
0 + δ+

1 + 2δ+
2 ,

ρ+
3 =

1

64
(3− 10 ln 2)γ+

0 +
1

32
(70 ln 2 + 19)γ+

1 +
1

64
(1− 30 ln 2)δ+

0

+
1

32
(49− 110 ln 2)δ+

1 +
5

48
(71− 114 ln 2)δ+

2 ,

ρ+
4 =

1

32
γ+

0 −
7

16
γ+

1 +
3

32
δ+
0 +

11

16
δ+
1 +

19

8
δ+
2 ,

ρ+
5 =

3

512
(5 ln 2− 2)γ+

0 +
1

256
(6− 25 ln 2)γ+

1 +
1

1536
(75 ln 2− 26)δ+

0

− 1

768
(285 ln 2 + 14)δ+

1 +
1

384
(574− 1605 ln 2)δ+

2 ,

ρ+
6 =− 3

512
γ+

0 +
5

256
γ+

1 −
5

512
δ+
0 +

19

256
δ+
1 +

107

128
δ+
2 .

The independence of ρ+
i (i = 0, 1, · · · , 6) follows from

det
( ∂(ρ+

0 , ρ
+
1 , ρ

+
2 , ρ

+
3 , ρ

+
4 , ρ

+
5 , ρ

+
6 )

∂(α+
0 , α

+
1 , γ

+
0 , γ

+
1 , δ

+
0 , δ

+
1 , δ

+
2 )

)
=

175

4608
π2.

This ends the proof of the Lemma.

Proof of Theorem 1.2. From Lemma 3.1, one knows that σi, i = 1, 2, · · · , 10 can
be chosen arbitrarily. Then, one can choose

0 < −σ1 � σ2 � −σ3 � σ4 � −σ5 � σ6 � −σ7 � σ8 � −σ9 � σ10

such that the sign of M0(h) has been changed 9 times. In other words, M0(h) can
have 9 simple zeros near h = 0. The other cases for M±(h) can be proved similarly.
This ends the proof of Theorem 1.2 by Remark 1.1.

4. Conclusion

In this paper, we get the detailed algebraic structure of the first order Melnikov
functions of the perturbed pendulum equation (1.5) by using two iterative formulas.
In order to obtain the lower bounds of the number of limit cycles of system (1.5), we
also verify the independence of coefficients of the coefficient polynomials of several
curvilinear integrals by induction on n. Then, for n = 1, 2, 3, we get the lower
bounds of the number of limit cycles of system (1.5) in both the oscillatory and
rotary regions. But for the general natural number n, it is difficult to get the lower
bounds, because the Melnikov functions involve the complete elliptic functions of
first and second kind. These results may be further improved in the future by
developing more powerful computational tools or methods.
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