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Successive Canard Explosions in a Singularly
Perturbed Spruce-Budworm Model with Holling-II

Functional Response∗
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Abstract By combining geometric singular perturbation theory (GSPT) with
qualitative method, this paper analyzes the phenomenon of successive canard
explosions in a singularly perturbed Spruce-Budworm model with Holling-II
functional response. We select suitable parameters such that the critical curve
is S-shaped, and the full model only admits a unique equilibrium. Then, under
the variation of the breaking parameter, it is found that a canard explosion
followed by an inverse canard explosion successively occurs in this model. That
is, a relaxation oscillation arises via the first canard explosion, which persist-
s for a large interval of parameter until it vanishes via the so-called inverse
canard explosion. All these theoretical predictions are verified by numerical
simulations.
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1. Introduction

The spruce budworm, also referred to as the spruce curling moth, is one of the most
destructive insects in mixed spruce and fir forests in the eastern United States and
Canada. According to available records in the United States and Canada, large
outbreaks of budworm have occurred approximately every 40 years since the early
18th century, causing billions of dollars in forest damage each time [12, 30]. When
the plague of insects occurs, the density of spruce budworm will suddenly increase
hundreds of times in a few months, and it wreaks havoc on spruce and fir forests.
Though only a few spruce and fir trees die in a disaster, it takes about seven to ten
years for damaged trees to recover to their previous health [36]. Thus, the spruce
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budworm, the spruce and fir forest evolve on different time scales. Therefore, the
interaction between them would exhibit slow-fast nature. Hence, the dynamical
model governing this process should be a singular perturbation problem.

In order to understand the interactions between the spruce budworm and it-
s host, Ludwig, Jones and Holling [22] proposed the following three-dimensional
spruce-budworm model

dB

dt
= rBB

(
1− B

KB

)
− β B2

α2 +B2
,

dS

dt
= rSS

(
1− S

KS
× KE

E

)
, (1.1)

dE

dt
= rEE

(
1− E

KE

)
− P B

S
,

where B denotes the density of budworm, S is the total surface area of the branches
in a stand, and E represents the condition of the foliage and health of the trees,
which can be regarded as an “energy reserve”. Additionally, KS and KE are the
maximum values of S and E respectively, and KB stands for the carrying capacity
of B (see Ludwig for more details).

Since model (1.1) is three-dimensional, in general, its dynamical analysis is dif-
ficult. By ignoring the effect on “energy reserve” determining the condition of trees
and foliage and retaining the essentials budworm and leaf area, May [24] simplified
(1.1) to a two-dimensional one, namely,

dN

dt
= rN

(
1− N

kS

)
− β PN2

η2S2 +N2
,

dS

dt
= ρS

(
1− S

Smax

)
− δN,

(1.2)

in which N is the population density of the larvae, S is the average leaf area of
the spruce, r and ρ describe the intrinsic growth rates of the budworm and the
leaves respectively, kS and Smax represent the carrying capacity of budworm pop-
ulation and spruce leaf area respectively, k measures the degree that leaves can
accommodate the larvae, β is the coefficient of proportionality, and the term

β
PN2

η2S2 +N2

describes the predation pressure on budworm population by parasitoids, insectivo-
rous birds, etc. For more biological motivations about (1.2), one can refer to [24].
From model (1.2), it can be noted that the carrying capacity of the budworm
population and the Holling-III functional response function now depend on S, i.e.
the density of the spruce, and the predation from the budworm to the spruce is
assumed to be linearly dependent on N . Under these assumptions, the original
three-dimensional model (1.1) is changed to the two-dimensional one (1.2). This
dimension reduction is mainly biological rather than mathematical ways like the
center manifold reduction, etc.

In May [24], it was assumed that ρ � r, i.e., the intrinsic growth rates of the
budworm and of the leaves are of different orders. Under this condition, model (1.2)
can be rewritten into the form of singular perturbation problems. Hence, it can be
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analyzed under the framework of GSPT. Rasmusse, Wyller and Vik [28] investigated
the existence of relaxation oscillation in the singular perturbation version of model
(1.2) by applying GSPT. By taking the effects of delay and diffusion into account,
the delayed and reaction-diffusion versions of model (1.2) have also been studied
in [38] and [15] respectively. In fact, bifurcations in various predator-prey systems
under singular or regular perturbation have been studied extensively (see e.g., [26,
33,39].

Recently, Tai and Zhang [34] have proposed a more general spruce-budworm
model, namely,

dN

dt
= rN

(
1− N

κS

)
− β PN2

η2S2 +N2
,

dS

dt
= ρS

(
1− S

Smax

)
− δS

K + S
N,

(1.3)

where the Holling’s type II functional response

δS

K + S
N

is introduced to replace the linear predation δN in the second equation of model
(1.2).

After rescaling

x =
N

κS
, y =

rκS

βP
, z = xy =

rN

βP
, τ = ρt

on variables, and denoting

ε =
ρ

r
, α =

η

κ
, e =

δκ

ρ
, d =

rκSmax

βP
, A =

rκK

βP
,

system (1.3) can be changed to

ε
dx

dτ
= f0

(
x, y;α2

)
− εxg0 (x, y; e, d,A) ,

dy

dτ
= yg0 (x, y; e, d,A)

(1.4)

with

f0

(
x, y;α2

)
= x(1− x)− 1

y

x2

x2 + α2
,

g0 (x, y; e, d,A) = 1− y

d
− exy

A+ y
,

where it is assumed that

0 < ε =
ρ

r
� 1, x ≥ 0, y > 0.

Obviously, model (1.4) is a two-dimensional singular perturbation system with the
slow variable y and the fast variable x. In Tai and Zhang [34], the authors con-
structed an asymptotic approximation to the relaxation oscillation of model (1.4) by
gluing the outer and inner solutions. Also, Tai and Zhang [34] gave an asymptotic
expression of the period of relaxation oscillation.
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In this article, based on the work of Tai and Zhang [34], we further pay attention
to the mechanisms governing the birth and disappearance of relaxation oscillation
in model (1.4) by using GSPT [11,13,14]. That is, we are concerned with the phe-
nomenon of successive canard explosions in model (1.4) via a geometrical point of
view. In fact, if the unique equilibrium is moved from the repelling branch to the at-
tracting one or vice versa via the extreme points, then the canard explosion followed
by the inverse canard explosion occurs, leading to the birth and the disappearance
of relaxation oscillations.

So far, it has been well-known that canard explosion is a phenomenon describing
a transition from a small amplitude limit cycle to a large amplitude relaxation, which
occurs in a very narrow parameter range. Krupa and Szmolyan [16] proposed a
dynamical system-based method, namely, a blow-up technique to detect the birth
of canard explosion and relaxation oscillations in singular perturbation planar vector
fields, where the Hopf and canard curves were explicitly determined. Qin et al., [27]
further studied the degenerate canard explosion in singular perturbation Liénard
equation and gave the higher-order approximation to the associated canard curve.
Now, the theoretical results on canard phenomenon are called canard theory [9,
16, 19, 20]. After transforming a singular perturbation model into its associated
normal form, canard theory has been found applications in a variety of physical,
chemical and biological models (see e.g., [2–7,18,23,25,27,29,31,32,35]). Under the
assumption that model (1.4) admits only a unique positive equilibrium, this article
is devoted to revealing the birth and the disappearance of canard explosions as well
as the associated relaxation oscillations by using GSPT and canard theory. That
is, two successive canard explosions occurring in model (1.4) are detected in this
article. The main conclusions obtained in the present paper are as follows.

(A) If the unique positive equilibrium is located at the repelling or attracting
branches of the critical curve, then it is either globally stable or unstable with
a limit cycle surrounding it.

(B) If the unique positive equilibrium moves from the attracting to the repelling
branch or vice versa via the extreme points, then canard explosion or inverse
canard explosion occurs accompanying with the birth or the disappearance
of relaxation oscillations. That is, two successive canard explosions occur in
(1.4) continuously.

The article is organized as follows. In Section 2, we determine the number, types
and stability of positive equilibria of system (1.4). In Section 3, the limiting slow
and fast dynamics of model (1.4) are separated under the assumption that model
(1.4) admits only a unique positive equilibrium. Section 4 gives the main results of
this article. First, we prove that the unique positive equilibrium is globally stable
or unstable with a limit cycle surrounding it. Then, by using GSPT and canard
theory, the occurrence of a canard explosion followed by an inverse canard explosion,
and accompanying with the birth and the disappearance of relaxation oscillations
are revealed. All the theoretical predictions are verified and visualized through
numerical simulations. Finally, the biological motivations and interpretations on
the study in this article are given in Section 5.
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2. The number and types of positive equilibria

The number, positions and types of positive equilibria greatly affect the slow and
fast dynamics of model (1.4), including the birth and disappearance of canard explo-
sions and relaxation oscillations. Therefore, first of all, we determine the number,
positions and types of positive equilibria.

2.1. The number of positive equilibria

Obviously, (x0, y0) = (0, d) is always a boundary equilibria of model (1.4). The
positive equilibrium of (1.4) are governed by

x(1− x)− 1

y

x2

x2 + α2
= 0,

1− y

d
− exy

A+ y
= 0.

(2.1)

From the first equation of (2.1), one obtains

y = ϕ (x) =
x

(x2 + α2) (1− x)
. (2.2)

Since x > 0 and y > 0, all the possible positive equilibria denoted by E(x∗, y∗) are
restricted in this strip as follows

S0 = {(x, y) | 0 < x < 1, y > 0}.

By the second equation of (2.1), we get

x = w (y) =
1

e

(
1− A+ y

d
+
A

y

)
. (2.3)

It can be verified that

w′(y) =
1

e

(
−1

d
− A

y2

)
< 0. (2.4)

Therefore, the inverse function w−1(x) exists with(
w−1

)′
(x) =

1

w′(y)
< 0 (2.5)

and

w′′(y) =
2A

ey3
> 0.

Consequently, x = w(y) is decreasing monotonously and concave upward in the x-y
plane.

Moreover, it can be noted that ϕ (0) = 0, lim
x→1−

ϕ (x) = +∞, w (d) = 0, lim
y→0+

w (y)

= +∞. Thus, we can deduce that at least there exists an intersection point in the
region S0 for the two nullclines associated with model (1.4). In other words, system
(1.4) admits at least one positive equilibrium.

To determine the number of positive equilibria, we turn to analyze the shape of
the curve y = ϕ(x). Differentiating it with respect to x yields

ϕ′ (x) =
p (x)

(x2 + α2)
2

(1− x)2
, (2.6)
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where
p (x) = 2x3 − x2 + α2. (2.7)

Denoting y = p(x), there is no doubt that it has a unique maximal extreme
point at x = 0 and a unique minimal extreme point at x = 1

3 .

Let ∆ = α2

16

(
α2 − 1

27

)
, and take x, y in the region S0. Then we have the

following arguments.

(I1) If α2 > 1
27 , then y = p(x) has no zero in the interval (0, 1) and p(x) > 0,

which implies that y = ϕ(x) is monotonically increasing in S0.

(I2) If α2 = 1
27 , then y = p(x) has a unique zero x = 1

3 in the interval (0, 1) and
p(x) ≥ 0, and it indicates that y = ϕ(x) is monotonically increasing in S0 and
has a unique critical point at x = 1

3 .

(I3) If 0 < α2 < 1
27 , then y = p(x) has two zeros, denoted respectively by x1 and

x2 with 0 < x1 <
1
3 < x2 <

1
2 < 1. When x1 < x < x2, x = x1 or x = x2

and, 0 < x < x1 or x2 < x < 1
2 , we respectively have p(x) < 0, p(x) = 0 and

p(x) > 0. This means that y = ϕ(x) decreases and increases monotonically,
when x1 < x < x2 and 0 < x < x1 or x2 < x < 1

2 respectively. The function
y = ϕ(x) admits a maximal extreme point at x = x1 and a minimal extreme
point at x = x2.

Corresponding to the above three cases, the graphs of y = p(x) and y = ϕ(x)
are respectively plotted in Figure 1(a) and (d), Figure 1(b) and (e), and Figure 1(c)
and (f).
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Figure 1. Sketch plots of the curves y = p(x) and y = ϕ(x), when α2 > 1/27, α2 = 1/27 and

0 < α2 < 1/27 respectively.

Proposition 2.1 For system (1.4), when x, y are in the strip S0, the following
statements hold.
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(A) If α2 ≥ 1
27 , then (1.4) has a unique positive equilibra.

(B) If 0 < α2 < 1
27 , then (1.4) has possibly one, two or three positive equilibriums.

Proof. The proof of Proposition 2.1 can be obtained by following from the number
of intersections between the curves defined by (2.2) and (2.3), which can be seen
easily from the previous analysis (also see Figure 2). We omit the details here.
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Figure 2. The intersections between x = w(y) and y = ϕ(x) in different situations, in which Li, i =
1, 2, · · · , 12 represents the curve x = w(y), and Ai, i = 1, 2, · · · , 8, Bi, i = 1, 2, · · · , 5 and Ci, i =
1, 2, · · · , 5 stand for the positive equilibria.

Remark 2.1. When model (1.4) admits two positive equilibria, then the curves ϕ
and w−1 are tangential at one of the intersections (see Figure 2(d) for a geometric
illustration where L9 and L10 are tangential at one of the equilibria). Obviously,
this case is a critical situation.

2.2. The types of positive equilibria

Proposition 2.2. Denote E(x∗, y∗) a positive equilibrium of system (1.4). E(x∗, y∗)
can be a node, a focus (strong or weak), a saddle or a degenerate equilibrium.
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Proof. The Jacobian matrix of system (1.4) is

J =

 1
ε
∂f0
∂x − g0 − x∂g0∂x

1
ε
∂f0
∂y − x

∂g0
∂y

y ∂g0∂x g0 + y ∂g0∂y

 ,

where

∂f0
∂x

= 1−2x− 1

y

2α2x

(x2 + α2)2
,
∂f0
∂y

=
1

y2
x2

x2 + α2
,
∂g0
∂x

= − ey

A+ y
,
∂g0
∂y

= −1

d
− eAx

(A+ y)2
.

The trace and determinant of J evaluated at E(x∗, y∗) are respectively

tr(J) = −1

ε

p (x∗)

x2
∗ + α2

+ 1− 2y∗
d
− eAx∗y∗

(A+ y∗)
2 (2.8)

and

det(J) =
1

ε

(
p (x∗)

x2
∗ + α2

(
y∗
d

+
eAx∗y∗

(A+ y∗)
2

)
+

ex2
∗

(A+ y∗) (x2
∗ + α2)

)
. (2.9)

Since E(x∗, y∗) satisfies (2.1),

ex∗y∗
A+ y∗

= 1− y∗
d
, x∗ = y∗

(
x2
∗ + α2

)
(1− x∗) . (2.10)

By substituting (2.10) into (2.9) and taking (2.4), (2.5) and (2.6) into account, after
simplification, we have

det(J)

=
1

ε

((
x2∗ + α2) (1− x2∗)ϕ′ (x∗)(y∗

d
+

A

A+ y∗

(
1− y∗

d

))
+
ey2∗

(
x2x + α2

)
(1− x∗)2

A+ y∗

)

=

(
x2∗ + α2

)
(1− x∗)2

(
y2∗ +Ad

)
εd (A+ y∗)

(
ϕ′ (x∗) +

e
1
d

+ A
y2
∗

)

=

(
x2∗ + α2

)
(1− x∗)2

(
y2∗ +Ad

)
εd (A+ y∗)

(
ϕ′ (x∗)− ω−1 (x∗)

)
. (2.11)

Keeping in mind that ε is small enough, it can be concluded that

(A) For any α, if p(x∗) > 0, that is, the equilibrium E(x∗, y∗) is located on the
increasing parts of the curve y = ϕ(x) (see the points E = Ai, i = 1, 2, · · · , 8
in Figure 2). In this situation, one follows from (2.8) and (2.9) that tr(J) < 0
and det(J) > 0. Thus, E is a stable focus or node.

(B) For 0 < α2 < 1
27 , if p(x∗) < 0, that is, the equilibrium E(x∗, y∗) is located on

the decreasing parts of the curve y = ϕ(x) denoted by Im = {(x, y)|x1 < x <
x2, y = ϕ(x)}, then the followings hold.

(b1) When model (1.4) admits only a unique positive equilibrium (see, e.g.,
E = B1 in Figure 2(c)), in this case, we have (w−1)′(x∗) < ϕ′(x∗) < 0.
Thus, it follows from tr(J) > 0 and det(J) > 0 that E is an unstable
focus or node.



246 L. Zhong & J. Shen

(b2) When model (1.4) admits two positive equilibria (see, e.g., E = B2 and
E = B3 shown in Figure 2(d)), in this case, one gets (w−1)′(x∗) =
ϕ′(x∗). Then, it follows from (2.8) and (2.11) that det(J) = 0 that E is
a degenerate equilibrium.

(b3) When model (1.4) admits three positive equilibria (see, e.g., E = B4

and E = B5 in Figure 2(e) and (f)), in this case, we have ϕ′(x∗) <
(w−1)′(x∗) < 0. Thus, by (2.8) and (2.11), it follows that det(J) < 0.
Therefore, in this case, E is a saddle.

(C) For any α, if p(x∗) = 0, in this case, it means that the equilibrium E exactly
coincides with the critical points of the curve y = ϕ(x) (see, e.g., E = Ci, i =
1, 2, · · · , 5, in Figure 2(b), (c) and (f)). Then, it follows from (2.8) and (2.9)
that det(J) > 0 and

tr(J) =
d (A+ y∗)

2 − 2y∗ (A+ y∗)
2 − edAx∗y∗

d (A+ y∗)
2 .

Denoting C∗ = d (A+ y∗)
2 − 2y∗ (A+ y∗)

2 − edAx∗y∗, we have

(c1) if C∗ > 0, then tr(J) > 0, thus E is an unstable focus or node;

(c2) if C∗ < 0, then tr(J) < 0, thus E is a stable focus or node;

(c3) if C∗ = 0, then tr(J) = 0. Since E satisfies (2.3), d = y∗(A+y∗)
A+y∗−ex∗y∗

which

gives e = (A+x∗)2

(A+2y)x∗y∗
after calculation, thus E is a weak focus or center.

The proof of Proposition 2.2 is finished.

3. The limiting slow and fast dynamics associated
with model (1.4)

By ε = τ/s̄, one gets the fast system associated with system (1.4), namely,

ε
dx

ds̄
= f0

(
x, y;α2

)
− εxg0 (x, y; e, d,A) ,

dy

ds̄
= εyg0 (x, y; e, d,A) .

(3.1)

More concisely, the slow and fast systems are respectively

εẋ = ε
dx

dτ
= x(1− x)− x2

y (x2 + α2)
− εx

(
1− y

d
− exy

A+ y

)
= f(x, y; ε, η),

ẏ =
dy

dτ
= y

(
1− y

d
− exy

A+ y

)
= g(x, y; ε, η)

(3.2)

and

x′ =
dx

ds̄
= x(1− x)− x2

y (x2 + α2)
− εx

(
1− y

d
− exy

A+ y

)
= f(x, y; ε, η),

y′ =
dy

ds̄
= εy

(
1− y

d
− exy

A+ y

)
= εg(x, y; ε, η),

(3.3)



Canard Explosions in a Spruce-Budworm Model with Holling-II Functional Response 247

where η = (α2, e, A, d). Taking ε→ 0, one obtains the reduced system

0 = x(1− x)− x2

y (x2 + α2)
,

ẏ = y

(
1− y

d
− exy

A+ y

) (3.4)

and the layer system

x′ = x(1− x)− x2

y (x2 + α2)
,

y′ = 0,

(3.5)

where the critical curves are

C0 =

{
(x, y) | x = 0 or y = ϕ(x) =

x

(x2 + α2) (1− x)

}
.

The curve of y = ϕ(x) has three topologically different shapes (see Figure 1(d), (e)
and (f)). Hereinafter, we always assume that y = ϕ(x) is S-shaped, i.e., we always
set 0 < α2 < 1

27 such that the critical curve consists of

M0 = {(x, y) | y = ϕ(x)} = M l
0 ∪ E1 ∪Mm

0 ∪ E2 ∪Mr
0

with
M l

0 = {(x, y) | 0 < x < x1, 0 < y < ϕ(x1)} ,
Mm

0 = {(x, y) | x1 < x < x2, ϕ(x1) < y < ϕ(x2)} ,
Mr

0 = {(x, y) | x2 < x < 1, y > ϕ(x2)} ,
and E1 (x1, y1) and E2 (x2, y2) are respectively the maximal and minimal extreme
points (see, e.g., Figure 1(f)).

If (x, y) ∈ M l
0 ∪ Mr

0 , then ϕ′(x) > 0. If (x, y) ∈ Mm
0 , then ϕ′(x) < 0, and

if (x, y) = E1 or E2, then ϕ′(x) = 0. Thus, by geometric singular perturbation
theory, M l

0 and Mr
0 are normally hyperbolic attracting, Mm

0 is normally hyperbolic
repelling, and E1 and E2 are two generic fold points.

In addition, when system (1.4) admits only a unique positive equilibrium, one
can see that, if x < w(y), then ẏ > 0; if x > w(y), then ẏ < 0. Thus, along the
critical curve x = 0, the slow flows are downward for y > d and upward for y < d,
and along the critical curve y = ϕ(x), the slow flows are upward for x < w(y) and
downward for x > w(y).

After the limiting slow-fast flows have been separated, we obtain the singular
orbits shown in Figure 3, where the unique equilibrium is situated at different
positions.

4. Canard and inverse canard explosions in model
(1.4)

Based on the preliminary analysis given in the previous section, in Section 4, we
are devoted to studying the slow and fast dynamics including the successive birth-
s of canard explosion and inverse canard explosion in model (1.4) (equivalently,
(3.2)/(3.3)).

For simplicity, we make the following assumptions:
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Figure 3. The limiting slow and fast dynamics associated with model (1.4). In the figures, the orbits
marked with double arrows and single arrow represent respectively the fast and slow flows.

(H1) 0 < ε� 1;

(H2) system (3.3) admits a unique positive equilibrium, denoted by E (x∗, y∗);

(H3) the critical curve y = ϕ(x) is S-shaped (implying that 0 < α2 < 1
27 ) with two

contact points E1 (x1, y1) and E2 (x2, y2).

Remark 4.1. It is worth reminding that when

d1 =
y1 (A+ y1)

A+ y1 − ex1y1
(andrespectively, d2 =

y2 (A+ y2)

A+ y2 − ex2y2
),

it can be verified that

E (x∗, y∗) = E1 (x1, y1) (respectively, E (x∗, y∗) = E2 (x2, y2)).
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That is, along this critical parameter value, the unique positive equilibrium coincides
with the contact point.

Theorem 4.1. Under the assumptions (H1)-(H3), the following statements hold.

(A) For E 6= E1 or E2, the equilibrium E is either globally stable, or unstable with
a limit cycle surrounding it.

(B) When the parameter d varies from d1 to d2, system (3.3) possesses continuous-
ly a canard explosion, and then a relaxation oscillation followed by an inverse
canard explosion after which the relaxation oscillation disappears, where d1

and d2 are defined in Remark 4.1.

Before carrying out the proof of Theorem 4.1, we provide the following lemma
first.

Lemma 4.1. For system (3.3), with ε sufficiently small, the set

Q = {(x, y) | 0 6 x < 1, y > 0}

is positively invariant, that is, all the orbits of system (3.3) in the first quadrant
have their ω-limits inside the region Q (see Figure 4).

Proof. Obviously, x = 0 is an invariant line. Restricting the first equation of (3.3)
on x = 1 yields

dx

ds̄

∣∣∣∣
x=1

= − 1

y (1 + α2)
− ε

(
1− y

d
− ey

A+ y

)
< 0,

where ε small enough and y > 0 have been taken into account. Restricting the
second equation of (3.3) on y = d and y = d+ c (c > 0) respectively yield

dy

ds̄

∣∣∣∣
y=d

= −εd exd

A+ d
< 0,

and
dy

ds̄

∣∣∣∣
y=d+c

= ε(d+ c)

(
1− d+ c

d
− ex(d+ c)

A+ d+ c

)
< 0,

for 0 < x < 1. Thus, the set Q is positively invariant (see Figure 4).

4.1. Proof of Theorem 4.1 (A)

(I1) For E ∈ M l
0 or Mr

0 , we prove that E is globally stable. Note that all the
possible positive equilibria are located in the strip S0 = {(x, y) | 0 < x < 1, y > 0}
and the critical curve y = ϕ(x) satisfying ϕ (0) = 0, lim

x→1−
ϕ (x) = +∞ as analysed

previously. To obtain our goal, we divide the first quadrant into three parts, namely,

Sl0 = {(x, y) | 0 < x < x1, y > 0} ,

Sm0 = {(x, y) | x1 < x < x2, y > 0}

and
Sr0 = {(x, y) | x > x2, y > 0} .
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Figure 4. The positively invariant region of system (3.3).

Constructing the following Dulac function

D(x, y) = x−2yd
(
x2 + α2

)
(A+ y),

it can be verified that

∂f(x, y; ε, η)D(x, y)

∂x

= −εy
((

1− α2x−2
)

(d(A+ y)− y(A+ y)− exyd)− edy
(
x+ α2x−2

))
− dy(A+ y)x−2

(
2x3 − x2 + α2

)
,

and

∂g(x, y; ε, η)D(x, y)

∂y
= ε

(
x+ α2x−2) (2y((A+ y)(d− y)− exyd) + y2(d−A− 2y − exd)

)
.

Clearly, when 0 < α2 < 1
27 , we have 2x3 − x2 + α2 > 0 in the region Sl0 or Sr0 . It

follows that, for ε is small enough, one gets in Sl0 or Sr0 that

∂f(x, y; ε, η)D(x, y)

∂x
+
∂g(x, y; ε, η)D(x, y)

∂y
< 0.

Thus, by Dulac’s criterion, no closed orbit can lie entirely in the region Sl0 or Sr0 .
It is also impossible that an closed orbit lies entirely in the region Sm0 since E is
located at one of the attracting branches.

By the slow-fast analysis given in Section 3, for E ∈ M l
0 ∪ Mr

0 , the unique
equilibrium is hyperbolic and stable. Thus, by combining with Lemma 4.1, we can
conclude that E is globally stable in the first quadrant. This ends the proof.

Next, we give numerical simulations to illustrate this conclusion (see Figures 5
and 6). In these figures, we set ε = 0.0005, α2 = 0.008, A = 10 and e = 3.363388515
such that system (3.3) has two contact points E1(0.1000000000, 6.172839506) and
E2(0.4828427125, 3.871854472).

(i1) We take d = 10.08197866 such that (3.3) has a unique positive equilibrium
E(0.6064936519, 4.100887120) ∈ Mr

0 . In this case, numerical simulations are
shown in Figure 5. More precisely, in Figure 5(a), the green, magenta, blue
and coral curves represent respectively the orbits starting from (0.01, 4), (0.25,
4.5), (0.3, 5) and (0.9, 4.5). In Figure 5(b), the magenta and coral curves
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respectively represent the time histories of the predator x(t) and the prey y(t)
with x(0) = 0.04 and y(0) = 5. All the orbits approach to the equilibrium
E(0.6064936519, 4.100887120) ∈Mr

0 , as time goes to infinity.

(i2) We take d = 5.581978656 such that (3.3) has a unique positive equilibrium
E(0.05407801131, 5.233190604) ∈M l

0. In this case, numerical simulations are
shown in Figure 6. More precisely, in Figure 6(a), the magenta, coral, green,
blue and red curves represent respectively the orbits starting from points
(0.3,6.5), (0.9, 4.5), (0.25, 4.1), (0.05, 4.4) and (0.01, 6). In Figure 6(b),
the magenta and coral curves respectively represent the time histories of the
predator x(t) and the prey y(t) with x(0) = 0.7 and y(0) = 4.5. All the orbits
approach to the equilibrium E(0.05407801131, 5.233190604) ∈ M l

0, as time
goes to infinity.

(a)

(b)

Figure 5. (a) The unique equilibrium E ∈ Mr
0 is a global attractor of system (3.3); (b) The time

histories of the prey and the predator.

(I2) For E ∈Mm
0 , we prove that E is unstable with a limit cycle surrounding it.
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(a)

(b)

Figure 6. (a) The unique equilibrium E ∈ M l
0 is a global attractor of system (3.3); (b) The time

histories of the prey and the predator.
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By Lemma 4.1, we have known that Q is positively invariant, and all orbits
in the first quadrant have their ω limits inside it. In addition, by following the
case B(b1) in Proposition 2.2 which has been illustrated that E is unstable when
0 < α2 < 1

27 and p(x∗) < 0, which is equivalent to E ∈ Mm
0 . Therefore, the

conclusion follows directly from Poincaré Annular Region Theorem [21] (also see
the related articles [1, 8, 10,37]).

A numerical example for the existence of limit cycle is given in Figure 7. As
before, we set ε = 0.0005 and α2 = 0.008 such that (3.3) has two contact points
E1(0.1000000000, 6.172839506) and E2(0.4828427125, 3.871854472). We take A =
16, e = 15 and d = 30.59887166, then (3.3) admits a unique positive equilibrium
E(0.2450292459, 4.770103015). The initial value of the orbit is chosen arbitrarily
x(0) = 0.25, y(0) = 4.2.

(a)

Figure 7. A limit cycle (relaxation oscillation) surrounding E, when E ∈Mm
0 .

4.2. Proof of Theorem 4.1(B)

When E = E1 (respectively E = E2), i.e., (x∗, y∗) = (x1, y1) (respectively (x∗, y∗) =
(x2, y2)), for this situation, by (2.3), we have

d = d∗ =
y∗ (A+ y∗)

A+ y∗ − ex∗y∗
,

where ∗ = 1, 2.
In this case, it can be verified that

f (x∗, y∗, 0, η∗) = 0, fx (x∗, y∗, 0, η∗) = 0, gx (x∗, y∗, 0, η∗) = 0,

fxx (x∗, y∗, 0, η∗) = 2
(
1− x2

∗ (2x∗ − 1)
)
> 0 (since 0 < x∗ < 1),

fy (x∗, y∗, 0, η∗) =
x2
∗

y2
∗ (x2

∗ + α2)
> 0,

gx (x∗, y∗, 0, η∗) =
−ey2

∗
A+ y∗

< 0, gd (x∗, y∗, 0, η∗) =
y2
∗
d2

> 0,
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where

η∗ =
(
α2, e, A, d

)(
with d =

y∗ (A+ y∗)

A+ y∗ − ex∗y∗

)
.

It follows from [17] that E is a canard point.
For these cases of E = E1 or E = E2, we can define singular canard cycles with

and without head as well as transitory canard (see Figure 8(a) and (d), (b) and (e)
as well as (c) and (f)respectively). Such singular canard cycles can be parameterized
by certain parameter.

Let (x1, y1) and (x2, y2) be the coordinates of the folded points E1 and E2.
Moreover, let xl, xm, xr be the x-coordinates of the points lying on the branches M l

0,
Mm

0 and Mr
0 respectively solved from ϕ(x) = s with s ∈ (0, s0), where s0 = y1 − y2

and xl(s) < xm(s) < xr(s).
Let xm(0) = xr(0) = x1, xl(s0) = xm(s0) = x2. Then the singular canard cycles

shown in Figure 8(a) and (b) can be parameterized by

Γ1(s) = {(x, ϕ(x)) : x ∈ [xl(s), xm(s)]} ∪ {(x, s) : x ∈ [xl(s), xm(s)]}, s ∈ [0, s0],

and the singular canard cycles in Figure 8(c) can be parameterized by

Γ1(s) = {(x, ϕ(x)) : x ∈ [xl(y2), xm(2s0−s)]}∪(x, 2s0 − s) : x ∈ [xm(2s0 − s), xr(2s0 − s)]

∪{(x, ϕ(x)) : x ∈ [x2, xr(2s0 − s)]} ∪ {(x, y2) : x ∈ [xl(y2), x2]}, s ∈ [s0, 2s0].

The singular canard cycles shown in Figure 8(d), (e) and (f) denoted by Γ2(s) can
be parameterized in a similar way, which are omitted here.

For sufficient small ε, if there exists a small amplitude limit cycle (Hopf cycle)
growing into a family of canard cycles followed by a large amplitude relaxation
oscillation, this phenomenon is called canard explosion if this transition is completed
within an exponentially small range O(exp(−1/ε)) of the control parameter (see
Krupa and Szmolyan [16]). To investigate the birth of canard explosion, we need
to use the canard theory developed by Krupa and Szmolyan [16].

Let us transfer system (3.3) to its standard slow-fast normal form. The first
is the translation, u = x − x∗, v = y − x∗ and d = d∗ − λ, where d∗ = d1, when
(x∗, y∗) = (x1, y1) (respectively d∗ = d2, when (x∗, y∗) = (x2, y2)), then system
(3.3) can be rewritten as

x′ = p0 + p1u+ p2ε+ v
(
p3 + p4u+ p5v +O (|(u, v) |2

))
+ u2

(
p6 + p7u+O

(
u2
))

+ εO(u, λ, v),

y′ = ε
(
q0 + u

(
q1 + q2v +O

(
v2
))

+ λ
(
q3 + q4λ+ q5v +O

(
|(λ, v)|2

)))
+ vε

(
q6 + q7v +O

(
v2
))
,

(4.1)
where

p0 = −x∗(x∗ − 1)− x2
∗

y∗ (α2 + x2
∗)
,

p1 := −2α4x∗y∗ + 4α2x3
∗y∗ + 2x5

∗y∗ − α4y∗ − 2α2x2
∗y∗ − x4

∗y∗ + 2α2x∗

y∗ (α2 + x2
∗)

2 ,

p2 = −
x∗
(
−ed∗x∗y∗ +Ad∗ −Ay∗ + d∗y∗ − y2

∗
)

d∗ (A+ y∗)
,
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Figure 8. (a) and (d): Singular canard cycles without head; (b) and (e): Transitory canards; (c) and
(f): Singular canard cycles with head (see the brown curves).
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p3 =
x2
∗

y2
∗ (α2 + x2

∗)
, p4 =

2x∗α
2

y2
∗ (α2 + x2

∗)
2 , p5 = − x2

∗
y3
∗ (α2 + x2

∗)
,

p6 = −α
6y∗ + 3α4x2

∗y∗ + 3α2x4
∗y∗ + x6

∗y∗ + α4 − 3α2x2
∗

y∗ (α2 + x2
∗)

3 ,

p7 =
4x∗α

2
(
α2 − x2

∗
)

y∗ (α2 + x2
∗)

4

and

q0 =
y∗
(
−ed∗x∗y∗ +Ad∗ −Ay∗ + d∗y∗ − y2

∗
)

d∗ (A+ y∗)
,

q1 = − y2
∗e

A+ y∗
, q2 = −ey∗ (2A+ y∗)

(A+ y∗)
2 ,

q3 = −y
2
∗
d2
∗
, q4 = −y

2
∗
d3
∗
, q5 = −2y∗

d2
∗
,

q6 =
−2Aed∗x∗y∗ − ed∗x∗y2

∗ +A2d∗ − 2A2y∗ + 2Ad∗y∗ − 4Ay2
∗ + d∗y

2
∗ − 2y3

∗

d∗ (A+ y∗)
2 ,

q7 = −A
2ed∗x∗ +A3 + 3A2y∗ + 3Ay2

∗ + y3
∗

(A+ y∗)
3
d∗

.

By using the fact that when the positive equilibrium E coincides with the fold
points E1 or E2, it must be

d∗ =
y∗ (A+ y∗)

A+ y∗ − ex∗y∗
,

p (x∗) = 2x3
∗ − x2

∗ + α2 = 0,

y∗ = ϕ (x∗) =
x∗

(x2
∗ + α2) (1− x∗)

, (4.2)

which means
p0 = 0, p1 = 0, p2 = 0, q0 = 0. (4.3)

Then, by the following rescaling on variables and parameters,

u→ p6 (−p3q1)
− 1

2 u, v → p6q
−1
1 v, λ→ −q3p6q

−1
1 (−p3q1)

− 1
2 λ, s̄→ (−p3q1)

1
2 s̄,

we get the normal form system as follows

du

ds̄
= −vh1 + u2h2 + εh3,

dv

ds̄
= ε (uh4 − λh5 + vh6)

(4.4)

with

h1 = 1 + p4p6p
−1
3 (−p3q1)

− 1
2 u+ p5p6p

−1
3 q−1

1 v +O
(
|(u, v)|2

)
,

h2 = 1 + p7 (−p3q1)
− 1

2 u+O
(
u2
)
,

h3 = O(u, v, λ),
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h4 = 1 + q2p6q
−2
1 v +O(v2),

h5 = 1 + (−p5p6q
−1
1 (−p3q1)

− 1
2 )λ+ p6q5q

−1
3 q−1

1 v +O
(
|(v, λ)|2

)
,

h6 = q6 (−p3q1)
1
2 + p6q7q

−1
1 (−p3q1)

1
2 v +O

(
v2
)
.

Here, we have successfully transformed system (3.3) into (4.4), its normal form,
in which the quantities defined in (3.12) of Krupa and Szmolyan [16] are now given
respectively by

a1 =
∂h3

∂u

∣∣∣∣
O

= 0,

a2 =
∂h1

∂u

∣∣∣∣
O

= −
2α2

(
α6y∗ + 3α4x2

∗y∗ + 3α2x4
∗y∗ + x6

∗y∗ + α4 − 3α2x2
∗
)

x∗y∗ (α2 + x2
∗)

4
B

,

a3 =
∂h2

∂u

∣∣∣∣
O

=
4x∗α

2
(
α2 − x2

∗
)

y∗ (α2 + x2
∗)

4
B
, a4 =

∂h4

∂u

∣∣∣∣
O

= 0,

a5 = h6|O

=
B
(
−2Aed∗x∗y∗ − ed∗x∗y2

∗ +A2d∗ − 2A2y∗ + 2Ad∗y∗ − 4Ay2
∗ + d∗y

2
∗ − 2y3

∗
)

d∗ (A+ y∗)
2 ,

where B =
√

x2
∗e

(α2+x2
∗)(A+y∗) and O = (0, 0, 0, 0).

Accordingly, the quantity defined in (3.13) of Krupa and Szmolyan [16] turns out
to be

Ã∗ = −a2 + 3a3 − 2a4 − 2a5

=
2α2

(
α6y∗ + 3α4x2

∗y∗ + 3α2x4
∗y∗ + x6

∗y∗ + α4 − 3α2x2
∗
)

x∗y∗ (α2 + x2
∗)

4
B

+
12x∗α

2
(
α2 − x2

∗
)

y∗ (α2 + x2
∗)

4
B

−
2B
(
−2Aed∗x∗y∗−ed∗x∗y2

∗+A
2d∗−2A2y∗ + 2Ad∗y∗−4Ay2

∗ + d∗y
2
∗ − 2y3

∗
)

d∗ (A+ y∗)
2 .

(4.5)

Remark 4.2. We know that the sign of Ã∗ determines whether the Hopf bifurcation
is supercritical or subcritical. Nevertheless, it is very difficult to determine the sign
of Ã∗ due to its complexity, see (4.5). Numerical examples verify that all the three
cases Ã∗ < 0,= 0, > 0 are possible. For example, when ε = 0.0005, we have the
follows.

(i1) Setting α2 = 0.01, e = 12, A = 3, d1 = 50.3243, one has E1(0.113781, 5.59525),
Ã1 = −56.6611 < 0.
Setting α2 = 0.02, e = 10, A= 15, d1 = 5.50104, one has E1(0.175564, 4.19006),
Ã1 = 0.
Setting α2 = 0.017, e = 7, A= 10, d1 = 6.78313, one has E1(0.157546, 4.47167),
Ã1 = 4.34698 > 0.

(i2) Setting α2 = 0.015, e= 15, A= 27, d2 = 25.5821, one has E2(0.465369, 3.75893),
Ã2 = −0.775098 < 0.
Setting α2 = 0.024, e = 6, A = 8, d2 = 3.23523, one has E2(0.437228, 3.61075),
Ã2 = 0.
Setting α2 = 0.003, e= 18, A= 32, d2 = 172.940, one has E2(0.493850, 3.95119),
Ã2 = 0.908115 > 0.
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Here, it should be pointed out that the value of α is chosen to satisfy 0 < α2 < 1
27 ,

e,A, d1, d2 are selected to be positive, and d1, d2 are accordingly determined by
following the formula given in Remark 4.1.

So far, the singular Hopf bifurcation curve λ∗H and the maximal canard curve
λ∗c are respectively

λ∗H(
√
ε) = −

(
a1 + a5

2

)
ε+O

(
ε

3
2

)
and

λ∗c(
√
ε) = −

(
a1 + a5

2
+

1

8
Ã∗

)
ε+O

(
ε

3
2

)
.

After taking the translation as well as the rescaling on the parameter λ into
account, the singular Hopf bifurcation curve λ∗H and the maximal canard curve
d∗c expressed in terms of the original parameters of system (3.3) are

d∗H(
√
ε) = d∗ + p6q3q

−1
1 (−p3q1)

− 1
2

(
−
(
a1 + a5

2

)
ε+O

(
ε

3
2

))
(4.6)

and

d∗c(
√
ε) = d∗ + p6q3q

−1
1 (−p3q1)

− 1
2

(
−
(
a1 + a5

2
+

1

8
Ã∗

)
ε+O

(
ε

3
2

))
. (4.7)

It is worthy noting again that the symbol ∗ stands for 1, 2 corresponding to the
cases of E = E1 and E = E2 respectively.

According to Theorems 3.1, 3.3 and 3.4 in [16], one obtains the following con-
clusions.

• There exist ε0 > 0, σ0 > 0 and the smooth curve d∗H(
√
ε) given in equation

(4.6), which is defined in the region (0, ε0)×(d∗−σ0, d∗+σ0) of the parameter
plane (ε, d), such that system (3.3) has a unique positive equilibrium E, which
is stable for d < d∗H(

√
ε) and unstable for d > d∗H(

√
ε). In addition, the Hopf

bifurcation is non-degenerate if Ã∗ 6= 0, and furthermore, it is supercritical
for Ã∗ < 0 and subcritical for Ã∗ > 0, where Ã∗ is given by (4.5).

• When the equilibrium moves near the canard point E = E1 and Ã1 < 0, there
is a smooth function (near d1),

d1c(
√
ε) = d1 + p6q3q

−1
1 (−p3q1)

− 1
2

(
−
(
a1 + a5

2
+

1

8
Ã1

)
ε+O

(
ε

3
2

))
,

along which, for ε sufficiently small there is a family of periodic orbits

s→
(
d1(s,

√
ε),Γ1(s,

√
ε)
)
, s ∈ (0, 2 (y1 − y2)) ,

which are smooth in (s,
√
ε) and such that

(i1) for s ∈ (0, εv), the orbit Γ1(s,
√
ε) is attracting and uniformly O (εv)

close to the canard point E1 and d1(s,
√
ε) is strictly increasing in s;

(i2) for s ∈ (2(y1 − y2)− εv, 2(y1 − y2)), the orbit d1(s,
√
ε) is a relaxation

oscillation and d1(s,
√
ε) is strictly increasing in s;
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(i3) for s ∈ [εv, (2(y1 − y2)− εv],∣∣d1(s,
√
ε)− d1c(

√
ε)
∣∣ 6 e−1/ε1−v

and

(i4) as ε→ 0, the family Γ1(s,
√
ε) converges uniformly in Hausdorff distance

to Γ1(s).

• When the equilibrium moves close to the canard point E = E2 and Ã2 > 0
holds, there exists another smooth function (near d2),

d2c(
√
ε) = d2 + p6q3q

−1
1 (−p3q1)

− 1
2

(
−
(
a1 + a5

2
+

1

8
Ã2

)
ε+O

(
ε

3
2

))
.

For ε sufficiently small and ν ∈ (0, 1), there exists a family of periodic orbits

s→
(
d2(s,

√
ε),Γ2(s,

√
ε)
)
, s ∈ (0, 2 (y1 − y2)) ,

which is smooth in (s,
√
ε), and such that

(i1) for s ∈ (0, εv), the orbit Γ2(s,
√
ε) is repelling and uniformly O (εv) close

to the canard point E2 and d2(s,
√
ε) strictly decreasing in s;

(i2) for s ∈ (2(y1 − y2)− εv, 2(y1 − y2)), the orbit Γ2(s,
√
ε) is a relaxation

oscillation and d2(s,
√
ε) strictly increasing in s;

(i3) for s ∈ [εv, (2(y1 − y2)− εv],∣∣d2(s,
√
ε)− d2c(

√
ε)
∣∣ 6 e−1/ε1−v

and

(i4) as ε→ 0, the family Γ2(s,
√
ε) converges uniformly in Hausdorff distance

to Γ2(s).

Set

d1s(
√
µ) = d1

(
εν ,
√
ε
)
, d1r(

√
ε) = d1 (2 (y1 − y2)− εν , 2 (y1 − y2)) ,

d2s(
√
µ) = d2

(
εν ,
√
ε
)
, d2r(

√
ε) = d2 (2 (y1 − y2)− εν , 2 (y1 − y2)) ,

where the subscripts s and r respectively stand for the small limit cycle and the
relaxation oscillation.

With the analysis given above, when d increases from d1 to d1s we can conclude
the following statements. First, there is a stable, small Hopf limit cycle, and it
becomes a canard cycle, then with d increasing from d1s to d1r, the canard cycle
continuously, quickly becomes a transitory canard cycle, a canard cycle with head
and a stable relaxation oscillation. This process is called the first canard explosion
of model (3.3). When the value of d is between d1r and d2r, the relaxation oscillation
persists for a long term. As d increases from d2r to d2s, the canard cycle continuously
becomes a canard cycle with head, a transitory canard cycle, and a small canard
cycle without head from the relaxation oscillation continuously and quickly. This
process is the second canard explosion occurring in model (3.3). Finally, when d
increases from d2s to d2, the small canard cycle without head shrinks to a Hopf limit
cycle such that periodic motions disappear there. Unlike the first canard explosion,
the second canard explosion makes the relaxation oscillation disappear. Therefore,
it is called inverse canard explosion.

Up to now, we have completed the proof of Theorem 4.1(B). In the next sub-
section, we turn to verify the theoretical predictions via numerical simulations.
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4.3. Numerical simulation

Let α2 = 0.003 < 1
27 . Then, the associated critical curve y = ϕ(x) has the maximal

point E1(x1, y1) = (0.2403575621, 3.604904601) and the minimal point E2(x2, y2) =
(0.4113537611, 3.507888534). Setting A = 10, e = 16, when d = d1 = 6.459985002,
the equilibrium E exactly coincides with E1, and when d = d2 = 13.47592141, the
equilibrium E coincides with E2.

Taking ε = 0.0005 and an arbitrarily initial point (x1−0.01, y1−0.15), we obtain
the whole dynamical process described in Theorem 4.2(B) by varying d from d1 to
d2 increasingly (see Figure 9). In Figure 9, the magenta curve stands for the orbit
of system (3.3) and the green dash one represents the critical curve. More precisely,
the exact values of d in Figure 9 corresponding Figure 9(a)-(l) are respectively as
follows

(a) : d1 + 0.01, (b) : d1 + 0.01425925, (c) : d1 + 0.01425929250508,

(d) : d1 + 0.0142595, (e) : d1 + 0.01433, (f) : d1 + 0.55, (g) : d2 − 5,

(h) : d2 − 0.09, (i) : d2 − 0.067, (j) : d2 − 0.0654219,

(k) : d2 − 0.065402, (l) : d2 − 0.000001.

From Figure 9, we can see that, when d increases near d1, the orbit of system
(3.3) begins from a small limit cycle (see Figure 9(a)) to a canard cycle without
head (see Figure 9(b)), and then a transition canard (see Figure 9(c)), a canard
cycle with head (see Figure 9(d) and (e)) and a relaxation oscillation cycle (see
Figure 9 (f)). This process is the first canard explosion.

As d continually increases, the relaxation oscillation cycle lasts for a rather large
range of parameter values, i.e., d ∈ (d1, d2). Until d reaches near d2, the orbit goes
around the canard point E2 several times (see Figure 9(g)) and then ultimately
becomes a canard cycle with head (see Figure 9(h) and (i)), a transition canard
cycles (see Figure 9(j)), a canard cycle without head (see Figure 9(k)) and finally a
small limit cycle (see Figure 9(l)). This process is the second canard explosion, i.e.,
the inverse canard explosion.

Now, it can be concluded that all the theoretical analysis has been verified by
numerical simulations.

5. Conclusions

In the current work, we explore the birth and the annihilation of canard explo-
sions as well as relaxation oscillations in a two-dimensional singular perturbation
spruce-budworm model by using GSPT and canard theory. Two critical values of
the breaking parameter (expressed in terms of the original parameters of the model)
are determined. Biologically, this means that periodic motions with budworm out-
breaks can exist only within this parameter region under the circumstance which the
intrinsic growth rates of the budworm and the spruce are of different orders. When
the parameters are in this region, long term slow accumulation of the budworm
will inevitably lead to a rapid outbreak. All these theoretical predictions including
the birth and the annihilation of canard explosions and relaxation oscillations are
captured and visualized by numerical simulations.

In this article, we apply GSPT and canard theory to detect the occurrence of
canard explosion, inverse canard explosion and relaxation oscillations. GSPT and
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 9. The continuously dynamical process of canard explosion and inverse canard explosion when
the d varies increasingly from d1 to d2.
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canard theory are geometric approaches. In these methods, after transforming the
model under consideration into its associated normal form, one can easily capture
the breaking parameter, which governs the birth as well as the annihilation of canard
explosions and relaxation oscillations. Accordingly, the mechanisms governing the
birth and the termination of canard explosions and relaxation oscillations can be
seen more evident by these methods.
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