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Positive Solutions for Third Order Three-Point
Boundary Value Problems with p-Laplacian®

Xingfang Feng!?!, Hanying Feng?

Abstract In this paper, the existence of positive solutions of the following
third-order three-point boundary value problem with p-Laplacian

(op(u” (1)) + f(t,u(t)) =0, t € (0,1),
u(0) = au(n), u(1) = au(n),u”(0) =0,

is studied, where ¢,(s) = |s|P7%s, p > 1. By using the fixed point index
method, we establish sufficient conditions for the existence of at least one or
at least two positive solutions for the above boundary value problem. The
main result is demonstrated by providing an example as an application.

Keywords Positive solution, three-point boundary value problem, fixed point
index, p-Laplacian operator
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1. Introduction

The purpose of this paper is to study the existence of positive solutions for the
following third-order three-point boundary value problem (BVP for short) with
p-Laplacian

((bp(u”(t)))/ + f(t’ u(t)) =0, te (O’ 1)’ (1'1)
u(0) = ), u(1) = auln), u"(0) = 0, (12)

where ¢,(s) = |s|P72s, p > 1, QS;l = ¢q, 1—|— E =1,0<a, n<l.

There has been an extensive study on boundary value problems with diverse
boundary conditions via many methods [1,11,21]. The equation with p-Laplacian
operator arises in the modeling of different physical and natural phenomena, non-
Newtonian mechanics [4, 10], combustion theory [18], population biology [16, 17]
and nonlinear flow laws [5, 13]. Therefore, there exist a very lager number of
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papers devoted to the existence of solutions to the p-Laplacian boundary value
problems with various boundary conditions, which have been studied by many au-
thors [7,14,15,19,20] and references therein. Iyase [8] proved the existence of so-
lutions for a third-order multipoint boundary value problem at resonance by using
the coincidence degree arguments. Additionally, Iyase and Imaga [9] applied Leray-
Schauder continuation principle to establish at least one solution to the third-order
p-Laplacian boundary value problem.

Recently, Li [12] has studied the existence of positive solutions for the third-order
boundary value problem with p-Laplacian operator.

(Bp(u” (1)) + f(t,u(t), w'(t),u"(t)) =0, t € (0,1),

1.3

au(0) — bu'(0) = 0, cu(l) +du'(1) =0, u"(0) =0, 43

where ¢,(s) = |s|P=2s, p > 1. By using the fixed point theorem of Krasnosel'skii,
the author established the existence results for positive solutions to (1.3).

Motivated by the above works, our purpose here is to give existence of positive

solutions for a third-order three-point boundary value problem with p-Laplacian

operator. In this paper, we construct a Green function and study its properties,

and then transform BVP (1.1) and (1.2) into an equivalent integral equation. Next,

applying the fixed point index theorem, we establish the existence of at least one

or at least two positive solutions for the above boundary value problem. For con-

venience, we list the following assumptions:

(Hy) f:1]0,1] x [0,00) — [0, 00) is continuous;
(H)0<a, n< 1.

2. Preliminaries and several important lemmas

In this section, we provide some basic concepts and properties of fixed point index
for compact maps.

Let E = C[0,1], CT[0,1] = {z € C[0,1]| z(t) > 0, t € [0,1]}, then E is a Banach
space with norm |lu|| = tren[gx] |u(t)].

)

Definition 2.1.( [6]) Let F be a real Banach space. Let P be a nonempty, convex
closed set in E. We say that P is a cone if it satisfies the following properties:
(i) A\u € P for u € P\ > 0;
(ii) u, —u € P implies u = 6 (6 denotes the null element of E).

If P C E is a cone, we denote the order induced by P on E by <. For u,v € P,
we write v < v if and only if v — u € P.

Lemma 2.1. Assume that (Hy) holds and o # 1. Then for any x € CT[0,1], the
problem

(6" (1)) + f(t.2(1)) =0, t € (0,1), 2.1)
u(0) = au(n), u(1) = au(n), u"(0) = 0 (2:2)

has the unique solution

u(t) = /0 G(t, )by /O F(r a(r))dr)ds + /0 G, 5oy /0 f(T,x(T))dT();lz,)
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G(t,s) = {t(l -8, t<s, (2.4)

s(1—1t), s<t.
Proof. Integrating the equation (2.1) over the interval [0, ¢] for ¢ € [0, 1], we obtain
t

G (1)) — oy ((0)) = — / F(s,a(s))ds,

from the boundary condition (2.2) we get

() = - / F(s,2(s))ds,

which implies

u’(t) = —(;Sq(/o f(s,z(s))ds). (2.5)

By integration of (2.5), it follows that

=00~ [ 4, ([ sratrnar) as
u(t) = u(0) + ' (0)t — /Ot(t — 8)dq </OS f(T,:E(T))dT) ds.

(2.6)
Using the boundary condition (2.2), we can easily get
u(0) = {n/olu — 5)b, (/O f(T,x(T))dT) ds
= [To=90, ([ ratonar) as].
©= [ @96, ([ tronar) s
(2.7)

By (2.6) and (2.7), we have

= [o [ =9 [ sts.atmnanas
—/077 (bq/sfrz )dr)d}
+t/01 (bq/ofrz 7))dr)ds — /t d)qura: ))dr)ds
/ (1- )0 /frac des+/t1 /fTa: )dr)d
+1f‘a[/on quAfo ))dr)ds
. =)ot [ a(ranas].

Finally
/ G(t, s) / f(ryx(r))dr) ds—|—

/Gns /frx ))dr)ds,
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which achieves the proof of Lemma 2.1. O
In order to discuss the existence of positive solutions, we need some properties
of functions G(¢, s).

Lemma 2.2. For G(t,s) given as in (2.4), we have the following results:
(i) 0 < G(t,s) < G(s,s), fort e [0 1] and s € [0,1],

3
7 Z] and s € [0, 1].

Proof. (i) According to the definition of G(t, s), we can easily obtain
0 <G(t,s) <G(s,s), for t € [0,1] and s € [0,1].
(ii) For all ¢ € | and s € [0,1], from (2.4), we have

(i) G(t,s)> iG( ), forte[

41}

Hl-s) _t o, 1
G(t,s) ) s(1—s) s— — 4 =
Gls,;s) | sU=t) 1=t o1
s(l—s) 1-—s— 4 T
1 13
Therefore, G(t,s) > ZG(S,S), for t € [Z’ Z] and s € [0, 1]. O

Let P = {z € E| =(t) > 0,t € [0,1]}. Then P is a cone in E. For V u € P, we
define an operator T' by

=/01 G(t,swq(/os f(r,u(r))dr)ds
T fa /O1 G(nas)%(/os f(ru(r))dr)ds

Lemma 2.3. Assume that (Hy) and (Hz) hold. Then the operator T : P — P is
completely continuous.

Proof. From (H,), (Hz2), Lemma 2.2 and the definition of T', it is easy to prove
that T': P — P. Now we show that T': P — P is completely continuous.

Let Q C P be a bounded set. Then there exists R > 0 satisfying ||u| < R, for
any u € Q. Set M = max{f(t,u)|t € [0,1],u € Q}. For any u € 2, we have

(Tu)(t)]

_ /Ola(as)(z)q (/Osf(m(T))dT) ds + fa/la(ms)% (/Osf(T,u(T)> ds
< /la(as)(z)q(/lf(T,u(T) )ds+/ G(n, s) q</1f(77u(7)>ds
/Gssqu( ds—|— /Gss% —1_Q/G

which implies that T'(€2) is uniformly bounded. Further for any v €  and ¢ € [0, 1],
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we have

|(Tu)’(t):‘—/s¢q</f7u )dr>ds+/ (1—8)é </f7-u )
([ e [ [ s

< [ soatanas [0 = syoqnyas = (00
Hence ||(Tw)'|| < ¢q(M). For any 0 <t; <ty <1land u € Q,

(e - o) = | [ @] < [ e o< o,oni -l

Therefore, we can easily f)rove that T(f2) is equi-continuous, that is, T(Q) is a
relatively compact set according to the Ascoli-Arzela theorem. In view of the con-
tinuity of f and the Lebesgue dominated convergence theorem, we know that T' is
continuous on 2. Thus T': P — P is completely continuous. O

To obtain positive solutions of BVPs (1.1) and (1.2), we require some knowledge
of the classical fixed point index for compact maps, and the index has the following
properties.

Theorem 2.1 ( [6]). Let K be a closed convez set in a Banach space E and let D
be a bounded open set such that Dy, == DNK # (. Let T : D, — K be a compact
map. Suppose that x # Tx for all x € ODy.

(A1) (Ezistence) If i(T, Dy, K) # 0, then T has a fized point in Dj,.

(A2) (Normalization) If w € Dy, then i(u, Dy, K) = 1, where u(x) = u for x € Dy,.
(A3) (Homotopy) Let p : [0,1] x Dy — K be a compact map such that x # u(t, )
for x € 9Dy and t € [0,1]. Then

(0, ), Dy, K) = i(u(1, ), Dy, K.

(Ag) (Additivity) If Uy and Uy are disjoint relatively open subsets of Dy, such that
x # Tx for x € Di\(Uy UUs), then

Z(T7 Dk7 K) - Z(Tﬁ Ul> K) + Z(Tﬂ U27 K),

where i(T,U;, K) = i(T|y,;,U;, K).

Theorem 2.2 ( [2], [3]). Let P be a cone in a Banach space E. For q > 0, define
¢ =1{z € P||z| <q}. Assume that T : Q, — P is a compact map such that

x # Tz for x € 08.

(i) If ||lz|| < ||Tx|| for x € 08, then i(T,Qy, P) = 0;

(i) If ||z|| > || Tz|| for x € 0Qq, then i(T,Qy, P) =1

Now, for the sake of convenience, we use the following notations. Let

) M o f(t,u)
e R e PN R TE S 6 HPN R
ft.w) 7t u)

fo= lim inf min , foo = lim inf min
PTusor el d) Gp(w) 7T T wnee el g dp(u)”

l—4p</ Gfs )q 1ds) (p>1),
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3. The main results and proofs

Now, we give our results for the existence of positive solutions of BVPs (1.1) and
(1.2).

Theorem 3.1. Suppose that (Hy) and (Hz) hold and there exist different constants

4

1
(H3) f(t,u) > ¢p(lb), for 1 <t<
(Hy) f(t,u) < ¢p(me), for 0 <t < <u<
Then the BVPs (1.1) and (1.2) have at least one positive solution u* with ||u*|| < ¢

and min u*(t) > (1 — a)b.
telg.§

1
b,c > 0 with b < min {77, } c. If the following conditions hold,

Proof. For any u € P and t € [0,1], from Lemma 2.2, we obtain

(Tu)(t)
:/OIG(t,s)qu (/Osf(f,u(T))dT) ds + 1?@/01 G(n, 5)bq (/Osf(T,u(T))dT> ds
g/ol (s, ), (/Osf(r,u(r))dr> ds + 1fa/olc:(s,s)¢q (/Osf(T,u(T))dT> ds
- 1 . /01 (s, 5)é, (/O f(T,u(T))dT) ds.

Thus,

HTu||<7/ (s, 9) </f7-u )dT)ds

Further, for u € P and ¢ € [~

T i] from lemma 2.2 we get

i (Tu)(0) = min, U G(t,5)9, (/Osf(T,u<T))dT> ds
ba ( /0 ) f(T,u(T))dT> ds}
>temin]/ </f7'u dT)ds

_4/Gss q(/osf(T,u(T))dT)d >
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Ifue P.={u€ P| |lu|| <c}, then 0 < u(t) <cfor t €[0,1]. From (Hy), we have
ITull = meax [(Tw) ()]

—tIélg,)i]|:/ Gtsgbq(/ Flrulr dT)ds
s [ e, ([ ratonar)as

g/la (5, 5)bq (/1f T,u(T))dT) ds

1704/ (s, s) (/Olf(T,u(T))dT) ds

Yu € P.. (3.1)

Next, for (1—a)b < u(t) <4b, t € [i, z], by (H3) we know that f(t,u) > ¢,(lb)

1
for ¢t € [Z’ Z] and then we have

@ (3) :/01 6 (5:5) o ([ frutrnar)as
1—a/ G, s) (/OSf(T’U(T))dT> ds

[eli)a([ e
2/; G (;s> be (/;f(r,u(r))d7'> ds
oo [Ma (L) (= 1) as= s>,

which implies ||T'u|| > 4b.

13
Consequently for (1 — a)b < u(t) <4b, t € [Z’ Z]’ we have

min (Tu)(t) >

te[:,2

— % 4b=(1— a)b. (3.2)
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Now we can conclude from Theorem 2.1, (3.1) and (3.2) that 7" has at least one
nonzero fixed point. In fact, let U = {z € P.| r?ling] z(t) > (1 — a)b}. Evidently, U
teli
is a nonempty bounded, convex open set (for 4b € U) in P,.
Firstly we prove Tz # z for € OU. Suppose that there is z9 € U such that
Txo = o, then we have min zo(t) = (1 — )b and either (i) zo € {z e P.| ||z| <
11
4b, min x(t) > (1 — )b} or (ii) 2o € {z € P.| ||z|]| > 4b, min z(t) > (1 — a)b}.
teld g tel d
1
For case (i), we know that (1 —a)b < zo(t) < 4bfor t € [Z’ Z] From (3.2), we
have
(I —a)b= min zo(t) = min (Tzo)(t) > (1 — a)d.
teli g tel, 3]
This is a contradiction.
For case (ii), by (3.1), we get

1 1
[ Toll =

(1—a)b= min zo(t) = min (Tzo)(t) >

«
ol > (1 — a)b.
tel4,3] re[,3 4 lzoll > (1 — )

-
4
This is a contradiction. Hence, Tax # x for x € OU. Therefore, i(T,U, P.) is
meaningful.

Secondly, we take ug € P such that r{llina]uo(t) > (1 —a)b, |lug| < 4b. Set

t€l1,1

u(t,z) = tug + (1 — t)Tx, and then p : [0,1] x U — P, is completely continu-
ous. Suppose that there is (tg,z¢) € [0,1] x U such that pu(tg,zo) = zo. Then
m%m% zo(t) = (1 — a)bd.

We distinguish two cases: (i) If | T'zo|| > 4b, then by (3.1), we get min (T'2o)(t)

telig

1—
= TaHTxo\| > (1 — «)b. Hence,

(I—-a)b= T?iﬂ zo(t) = n[ain | [touo(t) + (1 — to)(T'zo)(t)]
te[:, te(g,5

> min toup(t) + min (1 —to)(Txo)(t)
te[1,2 te[%,2]

>to(l —a)b+ (1 —to)(1 —a)b= (1 — a)b.

This is a contradiction.
(ii) If ||Tzo|| < 4b, then we obtain

Hil’()H :”to’LLO + (1 — to)TﬁL’oH < t0||UO|| + (1 — to)”TﬁL’o” < to -4b + (1 - t()) - 4b = 4b.
. 13
That is, (1 — a)b < zo(t) < 4bfort € [1, Z]’ thus, we have by (3.2)

(1—a)b= min zo(t) = min_ [touo(t) + (1 — to)(Two)(t)]

te(f,3 te[s,3]

> min toup(t) + min (1 —to)(Txo)(t)

teld g tels, 4]

>to(l—a)b+ (1 —to)(1 —a)b= (1 —a)b.



64 X. Feng & H. Feng

This is a contradiction. So we have u(t,z) # x for (t,x) € [0,1] x OU. Finally,
applying (Az) and (As) in Theorem 2.1, we get

/L(T’ U7?C) = Z(“O? U7ﬁc) = 1'

It follows from (A;) in Theorem 2.1 that T has a fixed point v* € U. Further,

min u*(t) > (1 —a)b, [[u*]| < c. That is, u* is a nonzero fixed point of 7" in P..
te[z,z
That is to say, BVPs (1.1) and (1.2) have at least one positive solution. O

Theorem 3.2. Suppose that (Hy) and (Hz) hold. If the following conditions hold,

(Hs) fo = foo = 00;
(Hg) there exists a constant p1 > 0 such that

f(tvu) < ¢p(mp1)7f0rt S [07 1]7 (RS [Oapl]
Then, BVPs (1.1) and (1.2) have at least two positive solutions u; and ug such that
0 < luall < pr < [luzl]-

4
a cone. By the same proof of Lemma 2.3, we can get that 7" : P; — P; is completely
continuous .
To begin with, in view of fy = oo, there exists r1 € (0, p1) such that f(t,u) >
13
dp(Aru) for ¢ € [17 Z] i—a)
Let Q,, = {u € P1| ||ul]| < m1}. Then for any v € 99,,, by using the same
calculation in the proof of Theorem 3.1, we have

o (2) = [0 (3 [ o) a

7 fa /01 G(1, 8)dq (/0 f(T,u(T))dT> ds

a [lu]|}. Tt is clear that P is also

Proof. Define P; = {ulu € P, min u(t) >
te[1,%]

and 0 < uw <7y, where A\ € ,+oo>.

1— Pt
y 0‘|u||) dT> ds

1—a VS 1! Ap(l— @)
e () (o) =M >

which implies || Tu|| > ||u|| for v € 9., . Thus, from theorem 2.2, it follows that
i(T,Q,,, Py) = 0. (3.3)

>Ar -
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13
Next, since fo = 00, there exists Ry > pq such that f(t,u) > ¢,(Aou) for t € [1, Z}
l
and u > Ry, where Ay € <,+oo>.
p(1—a)

Let ro > le > p1 and set Q., = {u € P |lul]] < r2}. If w € 9Q,.,, then

min u(t) > c |lu|]| > Ry. Therefore, for any u € 9<,.,, by using the method to

tel§.3 4
get (3.3), we get

o) (3) > 2251l > Yl

which implies || Tu|| > ||u|| for u € 9€,,. Hence, by theorem 2.2, it follows that
i(T, Q,,P;) = 0. (3.4)

Finally, let Q,, = {u € Pi| |Ju|| < p1}. Then for any u € 09Q,,, from (Hg), we have

(Tu)(t) :/01 G(t, s)¢dq (/OS f(T,'I.L(’T))dT) ds

| ' Gln5)o, ( / fir, u(ﬂ)dT) s

i [ @t ([ smutear) as

1
mos / G(s,5)ds = py = |l
0

<

11—«
which implies ||Tu|| < ||ul| for u € 99Q,,. Hence, by theorem 2.2, we obtain
i(T, Q,,,P1)=1. (3.5)

Note that ry < p; < ro; it follows from the additivity of fixed point index and
(3.3)-(3.5) that

i(T, Qp \Qpy, P1) =4i(T, Qp, P1) —i(T, Q, P1) =1,

and
i(T, Q,\Qp,, P1) =i(T, Q,, P) —i(T, Q,,,P1) =—1.

Therefore, T has a fixed point u1 in Q,,\Q,,, and has a fixed point uy in ,,\Q,,.
Both are positive solutions of the BVP (1.1), (1.2) and 0 < |Ju1|| < p1 < ||uz||. The
proof is completed. [J

O

Theorem 3.3. Assume that (H1) and (Hz) hold. If the following conditions hold,

(H7) [0 = f>=0;
(Hg) there exists a constant py > 0 such that

l _
Flt ) > 0,(P2), fort e [1, 5], we 2%, m)

Then the BVPs (1.1) and (1.2) have at least two positive solutions uy and ug such
that 0 < HU1H < p2 < ||u2||
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Proof. Firstly, since f© = 0, there exists r; € (0, p2) such that f(¢,u) < ¢p(c1u)
for t € [0,1] and 0 < u < 71, where 1 € (0, m).

Let Q,, = {u € Pi| |lu|| < r1}. Then for any v € 99Q,,, by using the same
calculation in the proof of Theorem 3.2, we have

(Tu)(t) /01 G(t, s)¢dq (/OS f(T,u(T))dT> ds

7 fa /01 G(n, 8)dq (/O f(T,u(T))dr) ds

<t [t ([ srutear) as

1
11—«

1
€1
<L el / G(s, 5)ds = [ul] < [lull
O m

which implies ||Tu|| < ||u|| for u € 99Q,,. Therefore, by theorem 2.2,
i(T,Q,, P) = 1. (3.6)

Secondly, in view of f>° = 0, there exists Ro > pa such that f(t,u) < ¢,(c2u) for
t €[0,1] and u > Ry, where 5 € (0,m).

We divide the proof into two cases: f is bounded and f is unbounded.
Case (i). Suppose that f is bounded, which implies that there exists M > 0 such
that f(t,u) < ¢,(M) for all t € [0,1] and u € [0, +o0).

M
Now, choosing r > max {, Rz} for w € Py, then with ||u|| = r2, we get
m

(Tu)(t) :/O1 G(t, s)dq (/Os f(T,u(T))dT) ds

+ % /01 G(n,5)oq (/0 f(r, u(T))dT> ds

it [ @t ([ srutear) as

1
11—«

<

L —

— M

M/ G(s,s)ds = — < rg = ||u.
0 m

Case (ii). Suppose that f is unbounded. Then, for f : [0, 1] [0, +00) is continuous,
we know that there exist to € [0,1] and 73 > Ry > ps such that f(¢,u) < f(to,r2)
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for t € [0,1] and 0 < w < ro. Then for u € Py, with ||u|| = r2, we have

/ Gl s) q(/osf(r,u(r))dr> ds
. /O G, 5)b, ( /O ’ f(T,u(T))dT) ds

=1 ia /01 G(s,5)q </01 f(T,u(T))dT) ds
S 01 (5,8)¢q (/Olf(to,m)d7> ds

527“2/ G(s,s)d —7“2 <7y = |ull.

Hence, in either case, we may always set Q,., = {u € Pi| |Ju|| < r2} such that
ITu|| < ||u|| for u € df,,.

Thus, by Theorem 2.2, it follows that

(T, Q.,,P)=1. (3.7
Finally, let Q,, = {u € Pi| |lu|]| < p2}. Since u € 09,, C P, n[llm3 u(t) >
te 17
1— 1—
1 a||u|| == apg. Hence for any u € 012,,, from (Hs), we have

(Tu) @) :/01 G @s) bs (/O f(T,u(T))dT) ds
+ 12/01 G(n,s)¢q( Osf(T,u(T))dT> ds
> /01 G (;s) b (/0 f(T,u(T))dT) ds
o (;5> be (/ f(T,u(T))dT) ds
zﬁ/a@) (si)“dswpmnuu

which yields ||Tul| > |lu]| for u € 9€,,. Hence, by Theorem 2.2, we obtain
i(T, Q,,,P1) =0. (3.8)

Y%
»AN

Note that 71 < pa < 2. As before, from (3.6)-(3.8), we get
i(T, Qp,\Qy, P) = -1, i(T, Q,\Q,, P1) =1,

which shows that T" has two fixed points, and consequently, BVPs (1.1) and (1.2)
have two positive solutions. This completes the proof. [ O
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3.1. Example

Now, we present an example to illustrate Theorem 3.1, the main result. Consider
the following third-order three-point boundary value problem with p-Laplacian.

Example 4.1. Consider the following BVP

(d3(u” (1)) + lp(Oh(u(®)]* =0, t € (0,1), (3.9)

where () = 4¢, t € [0, 1], and

1
480u, 0<u < —
U= =g
1 < <1
cu< —
h(u) = 7480 ~ 60’
ﬂu+& —<u<?2
119 2387 60 -7
ﬁu u > 2
476 '
1 9v2 —2
In this example, we note thatp:3anda:n:§. Letting p = \fT,byasim—

3 -1
1 1 1
ple calculation, we get g= %, G(s,s)=s(1—s) and l=4p (/4 G(i’ s)(s—4)q_1ds>
1
1 -1 ! 1
=240, m = (1 — a) </ (1 —s)ds> = 6(1 —a) = 3. We choose b = 240 and
0

1
¢ = 2. Evidently, b < rnin{%7 z}c and

1 3, 1
(i) for t € [Z’ Z]’ 180 <u(t) < 50 Ve have

2
F(tu) = [p(Oh(u(®)]? > [4 < x 1} — (b
(ii) for ¢ € [0,1],0 < u(t) < 2, we have

Ft 1) = [p(Ohu®)]? < [4 « 1 x (13109 X2+ ;g;)F — (me)>.

Hence, all the conditions of Theorem 3.1 are satisfied, then BVPs (3.9) and (3.10)

have at least one positive solution u* with |Ju*|| < 2, min (t) > 150"
]
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