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Abstract This paper is devoted to a three-species stochastic competitive
system with multiplicative noise. The existence of stochastic traveling wave
solution can be obtained by constructing sup/sub-solution and using random
dynamical system theory. Furthermore, under a more restrict assumption
on the coefficients and by applying Feynman-Kac formula, the upper/lower
bounds of asymptotic wave speed can be achieved.
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1. Introduction

In this paper, we are interested in the following stochastic three-species competition
model driven by It6 type multiplicative noise

Up = Uge + (1l —u — a1v — byw) + eudWy,

Ve = VUgg + (1 — v — agu) + €(v — 1)dWy,

Wi = Wey +w(1 —w — bou) + e(w — 1)dWy,

u(0) = 1, v(0) = 1 — X(—o0,01» W(0) = 1 = X(—00,0];

(1.1)

where v = u(t,z), v = v(t,x) and w = w(t,z) denote the species densities of
three competing species at location x € R and time ¢ > 0 respectively. Moreover,
a; > 0 and b; > 0 represent the interspecific competition coefficients, and the
environment carrying capacity of each species is ruled to be “17. Further, W () is
the white noise. Let € = 0, as = by and dispersal terms be replaced by nonlocal
dispersal functions. Then equation (1.1) is reduced to the model proposed by Dong,
Li and Wang in [2], and they showed the existence, monotonicity and asymptotic
behavior of traveling waves with bistable dynamics. Based on their work, Wang,
Chen and Wu [24] used a three-species competition model to expand Lotka-Volterra
model to empirical analysis, and concluded that cooperative action is better than
competitive strategy. Furthermore, He and Zhang [6] studied the linear determinacy
of critical wave speed of three-species competitive system with nonlocal dispersal
by constructing more precise conditions and suitable upper solutions. Moreover,

TThe corresponding author.
Email: wenhaol2@nudt.edu.cn (H. Wen), jhhuang32@nudt.edu.cn (J. Huang)

LCollege of Science, National University of Defense Technology, Changsha,
Hunan 410073, China

*The authors were supported by National Natural Science Foundation of China
(Grant Nos. 11771449, 12031020).


http://dx.doi.org/10.12150/jnma.2024.32

Traveling Wave of Three-Species Stochastic L-V Competitive System 33

Liu et al., [14] studied three-species competition-diffusion model in a general case
where every species competes with each other, and they pointed out that the wave
speed of the slowest species is dependent on the other two faster species.

Throughout the paper, we always assume the coefficients of three-species com-
petitive system (1.1) as follows

(Cl) a1 < 3,b1 < 3, a2 >2, by >2;

(C2) 2max{ajaz,bibe} <2 —aj — by;

(C3) 2min{ajas + biba} + (a1 + b1 — 1)% > 1;
(C4) max{ag — 1,by — 1} < —1L

l—a;—by°
Obviously, (C1) N (C2) N (C3) N (C4) is not empty. Under condition (C1),
there exist five nonnegative equilibria P, = (0,1,1), P, = (1,0,0), P; = (0,1,0),
Py, = (0,0,1) and P; = (0,0,0), where P, is the only stable equilibrium, and the
traveling wave solution is a trajectory connecting P; and P». More precisely, it
reflects that the species u wins the competition rather than the pair (v, w).
Letting v := 1 — v, w := 1 — w and dropping the tilde, we have

Up = Uge +u(l — a3 — by —u+ a1v + byw) + eudWy,
Ut = Vg + (1 — v)(agu — v) + evdWs,

Wi = Way + (1 — w)(bau — w) + ewdWs,

w(0) = X(~00,0]> V(0) = X(~00,0, W(0) = X(~c0,0

(1.2)

and it is easy to see that (1.2) is a stochastic cooperative system, and the two
equilibria P; and P» turn to be

pl = (07070)3 p2 = (17171) (13)

respectively.

It is worth mentioning that most existing results for stochastic traveling wave
solution deal with the scaler Fisher-KPP equation. For instance, Tribe [23] stud-
ied the KPP equation with nonlinear multiplicative noise /udW;, and Muéller et
al., [16-18] studied the KPP equation with \/u(1 — u)dW;. Both of their works take
the Heaviside function as the initial data, and the main contribution of Muéller
is that he explicitly described the influence brought by the noise, whether it is
weak or strong, and successfully estimated the wave speed with an upper bound
and a lower bound. Zhao et al., [3,20,21] confirmed that only if the strength of
noise is moderate, and when the multiplicative noise is k(t)dW;, the effects of noise
would present or the solution would tend to be zero or converge to the determin-
istic traveling wave solution. Huang and Liu [8] studied the KPP equation driven
by dual noises kyudWi(t) and ko(K — u)dWa(t), and revealed the bifurcations of
solution induced by the strength of noise. For stochastic two-species cooperative
system, Wen, Huang and Li [27] used random monotone dynamical systems and
the Kolmogorov tigheness criterion to obtain the existence of stochastic traveling
wave solution, and then by constructing the upper and lower solution and applying
Feynman-Kac formula, they obtained the estimation of the upper bound and lower
bound for wave speed respectively. The novelty of this paper not only in the three-
species competitive system we study, for which there is no relevant work, but also
in our confirmation that the lower bound of wave speed depends on the impact of
vulnerable groups on powerful groups.
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This paper is organized as follows. In Section 2, we present some notations and
crucial lemmas. In Section 3, the existence of stochastic traveling wave solution is
established. Finally, in Section 4, we estimate the wave speed by determining the
upper bound and lower bound with the sup-solution and the sub-solution respec-
tively.

2. Preliminaries and notation

Throughout this paper, we set {2 be the space of temperature distributions, F be
the o-algebra on 2, and (2, F,P) be the white noise probability space. Denoted by
E, the expectation is with respect to P. Denoted by ¢y (x) = exp(—A|z|), here are
some notations:

e CT={f|f:R—[0,0) and f is continuous};
o [If[Ix = sup(|f(z)or(2)]);
T€ER
Cy = {f € CT|f is continuous, and | f(z)¢r(z)| — 0 as z — Foo};

ct =n C;\';
A>0

tem

C(J/C[O,l] = {f|f : R — [0,1]} is the space of nonnegative functions with compact
support;

D ={f:]||f||]n < oo for some X < 0} is the space of functions with exponen-
tial decay.

Lemma 2.1 ( [23]). A set K C C s called relatively compact, if and only if
(a) K is equicontinuous on a compact set;

(b) lim sup sup |f(z)e M*l| = 0.
R—oo feK|z|>R

Lemma 2.2 ( [23]). K C Cf,, is (relatively) compact, if and only if it is (relatively)
compact in Cj for all A > 0.

Lemma 2.3 ( [23]). (Kolmogorov tightness criterion) For C < 00,8 > 0,1 < A,y >
0, define

K(C,8,7,p) = {f : |[f(@) = f(2")| < Cle = '["e"*! for all |z —a'| < 6}.

Then with the above conditions, we know that K(C,6,~, u) N{f : [ f(z)prdx <
a} is compact in C’;\", where a is a constant.

(1) If {Xn(:)} are Cx-valued processes, with { [, Xn¢r1dx} tight, and there are
Co <o00,p>0,v>1,u <A such that for alln > 1, |x —y| < 1,

E(‘Xn(x) - Xn(y)|p) § CO‘x - y|’yeﬂp|w\’

then {X,} are tight.

(2) Similarly, if {X,} are C([0,T],CY)-valued processes, with { [ X, (0)¢1dz}
tight, and there are Cy < oco,p > 0,7 > 2,u < X such that for all n >
Lz —yl <1t —t'| < 1,4, €[0,T],

E(| X, (2,t) — Xo(y,t)[P) < Co(lz —y|" + |t — ¢/|)er?l*],
then {X,} are tight.
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3. Existence of traveling wave solution

For simplicity, we denote by Y = (u,v,w)?, F(Y) = (u
biw), (1 —v)(agu —v), (1 —w)(bou —w)), H(Y) = (u,v,w)", Fi(Y) =u(l —a; —
u~+ a1v+biw), Fa(Y) = (1 —v)(agu —v), F5(Y) = (1 — w)(beu — w), H1(Y) = u,
Hy5(Y) =v, H3(Y) = w, and we can rewrite the transformed system (1.2)

(I—a; —by —u+av+

{Yt =Yoo + F(Y) + eH(Y)dW,, (3.1)

Y (0,2) = Yy = (uo,vo, wo)",

where ug = vo = Wo = X(—o0,0]-
For any matrix M = (m;)nxm, define the norm | - | as |M| = 3; j=1|m;;|, and
the vector norm is [|A||ec = max(4;).
K3

Lemma 3.1. For ug, v, wo € C;

toms 0nd a.e. w € ), there exists a unique solution
Y (t,x) to (1.2) with the form

Y(t,x) =/ G(t,z,y)Yody
R

¢ ¢
+ / / Gt —s,z,y)F(Y)dsdy + e/ / Gt —s,z,y)H(Y)dW,dy,
0o JR 0o JR

where G(t,x,y) is the Green function.

Proof. Set FI'(Y") = (1 —a; — by)u™ — (u™)? A n+ a1 (u™ A /n)(v"™ A /n) +
b (u™ A /n)(w™ A /), F3(Yy) = au™ — o™ — az(u™ A v/n) (0™ A y/n) + (v™)? An,
FR(Y™) = bou™ — w™ — by(u™ A /n)(w™ A /n) + (w™)? An. Then there exists a
pathwise unique solution Y™ (t) € C;t, solving

{Ytn =Y + F(Y") + eH(Y™)dW,, (3.2)

Y =Y.

Thus, referring to [23,27], one can easily finish the proof by Kolmogorov tightness
criterion (Lemma 2.3), and any limit point of sequence {Y™(¢) : n > 1} is a solution
to equation (3.1). Similarly, we know that Y (t,z) € C;t,. O

Furthermore, along the idea of Tribe [23], we have the following conclusion which

contributes to verifying that Y (¢, z) is stationary.

Lemma 3.2 ( [23]). All solutions to (3.1) started at Yo have the same law which
we denote by QY0*1:22:b1:02 and the map (Yo, a1,a2,b1,b2) — QYo:01,02,b1.02 g cop.
tinuous. The law QYo-@v:92:b1:%2 for Yo € O forms a strong Markov family.

First, referring to [10,19,23], we introduce the comparison methods for stochastic
reaction-diffusion equations as follows.

Lemma 3.3. There is a coupling solution Y (t,z) to (3.1) started at Yy € C}}

tem
with ©(t, z) a solution to

Oy =Y.

If P(Y) > F(Y) and P(Y) is Lipschitz continuous, then for any Yy,©00 € C;t,.
the following assertions hold.
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(1) Fix @(()l)7 @(()2) € Ct, with (951) < 962), then for everyt > 0,2z € R, and for
a.e. w € N
oW (t,z) < 0@ (t,x).

(2) For every t > 0,z € R, and for a.e. w €
Y(t,z) <Ot ).

Next, we will show how to construct sup-solution and do some estimation about
Y (t,z), which is of great importance for our further research.

Lemma 3.4. Let (a(t,x),w(t, z)) be the solution to

_ 2(0—a1—b1) (3.3)

{a = gy + (1 — a1 — by)(1 — 52l t) + ead W,
atpB X (=00,0]5

1-2min{aja2,b1b2} 2—a;—bi—2max{aiaz,biba}
where a, B € ( et , D — )

then we have (t,z) € C;t, . Let (u,v,w) = (i
sup-solution to equation (1.2).

re both positive constants,

1, 22151)), then (u,v,w) is a

-

11—«
) 20.1

Proof. First, referring to [27], the solution to equation (3.3) satisfies a(t,x) €
C’ttm, which completes the first part of this lemma. Moreover, for u component, we
have

Uge — U +u(l — a3 —u+ a1v + byw) + eudWy

1-— 1-—
=gy — e+ G(1 — ay — by — i+ 2°‘a++ 2ﬂa)+eath
a+f
=iy — Gt + (1 — a1 —b)a(l — ——2 2 4) + eadW,
i G + (1 —ay — by)a( 2(17&171)1)”)—*—6” f
=0.
For v component, we have
Uz — U + (1 — v)(agu — v) + evdW,
1
:2aa[am—at+ﬁ(1—a1—bl—a+612)+e1lth]
1
11—« 11—« 1—a a—+p
1— i) (as — i — a(1—ay — by — 7
T ilae - 5 )i - 5 el - — b = =)
B l—-a (1I-a)(l—-a—b1),. l—a a+p 1—a, o
=lo -5~ 2a, Jit 5 —et 5 )
1 -1
=—[2a1a2 — (2—a; — by)(1 —a)]a + aﬁ[al(a +B) — o — 2a1as + 1]42,
2a1 4a7
and for w component, we have
Wy — Wi + (1 — w)(bou — w) + ewdW,;
1
= % B[am — at + 12(1 —ay; — b1 — k‘a) + €ﬂth}
1
1-8 1-8,. 1-08_ atf.
1-— by — - 1—a; —by —
Ty W = )i - Sl - o — b = )
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1—5 (1—5)(1—@1—()1) 1—,8 CY+B 1—6

— — _ o _ ~2
=2 = =5, 2b; it g (g maet )
1 . -1 .
:—[2b1b2—(2—a1 —bl)(l—ﬁ)]u—i—L 3 [bl(a+ﬁ)—6—2b1b2+1]u2
20, b2

It can be deduced from (C3) that

2a1a2 — (2 —ay; — bl)(]. - a) S 0, 2b1b2 — (2 —a; — bl)(]. — ﬁ) S 0

and
a—1 p—-1
W[a1(a+5)_a—2alag+1] SO, W[bl(a+ﬁ)—ﬂ—2b1b2+l] SO
1 1

1—2min{ajaz,b1b2} 2—a;—bi—2max{aiaz,b1ba}
1—a1—b1 ’ 2—a;—b;

Moreover, since «,f € ( ), combined

with (C2), we have obtained that 2(1%1[;1’1) > 1. Therefore, we have verified our
claim, and (u,v,w) = (4, 12;?12, %f&) is a sup-solution to equation (1.2). O

In the same way, we can construct a sub-solution to equation (1.2).

Lemma 3.5. Let a(t,x) be the solution to

{at = Gigg + (1 — ay — by — i) + eadWVy, 5.4

U O,x) = (1 — a1 — bl)X(foo,O]-

Then we have u(t,z) € Cyf,,. Set ay —1 <y < et b —1< < 2_;’12_13,

and let (u,v,w) = (U, 14, y2W). Then (u,v,w) is a sub-solution to equation (1.2
Proof. Similar to Lemma 3.4, we know that @(t,z) € Ct,,. For u component, we
have
Uge — Ut +u(l — a3 — by —u+ a1v + byw) + eudW;
:ﬂxm — ’l]t + ’L~L(1 —ay — bl —u+ alf‘ylﬂ + bl")/gfb) + E’ELth
>0.

For v component,

Vg — U + (1 — v)(agu — v) + evd Wy
=gy — U + (1 — a1y — by — @) + eadWy]

+ (1 —ma)(ag —y)a—y1a(l —ay — by — @)
=[az — 71 — (1 — a1 — b)) + (1 — az + 1)@
=[az — (2 — a1 — bi)n]a+ 1 (1 — az + 1)@,

and for w component, we have

Wae — Wi + (1 — w)(bau — w) + ewdWy
=vollige — Ut + U(1 — a; — by — @) + eadWy]

+ (1 = y21)(bg — y2)u — y2u(l — a1 — by — @)
=[bs — 2 — (1 — a1 — b1)v2]i + 72(1 — az + 72)@°
=[by — (2 — a1 — by)y2)i + y2(1 — by + 2)a>.
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Since az —1 <7 < 5 a2 - and by — 1 < vy < %, then (C4) ensures that
ag—(2—a1—b1)y11 >0, ba—(2—a; —b1)y2 >0 (3.5)
and
Y1(1—az2+7) >0, y2(1 —ba+72) > 0. (3.6)

Now, we can say that (u,v,w) = (4, y14, y2@) is a sub-solution to equation (1.2).
O

Theorem 3.1. For any ug,vo,wy € C;, \ {0}, and any t > 0, a.e. w € Q, it
permits that

Elu(t,z) + v(t,x) + w(t,x)] < C(e), Yz € R,

where C(€) is a constant.

Proof. From Lemma 3.4, we know that (u,v,w) = (4, 524, le @) is a sup-
solution to equation (1.2), and u(t,z) < a(t,x) a.s., v(t, ) < aa(t,x) a.s. and
w(t,x) < Pa(t,x) a.s. Therefore, by doing some estimations of (¢, x) we can
obtain the boundedness of Y (t,x). For stochastic KPP equation (3.3), referring
to [3,8], we can easily find that for any @y € C}.,,, a.e. w € Q and t > 0 fixed, we
have

Ela(t, z)] < C4, (3.7

where C7 is a positive constant depending on %y and e. Accordingly, for any
ug,vo, wo € Oy, ae. w € Qand t > 0 fixed, we have

Elu(t, z) + v(t, z) + w(t, z)] <(1 + IQ_—Q + 12; B)E[ﬁ(t,x)}
ay 1
l—-a 1-p
<(1 + 24, + %, )Cl

::023

where C5 is also a positive constant.
Moreover, for equation (3.3), letting V(t) = @2(t), via Ito formula, we have

a+f

AV (1) =28, e} dt + 2(it, 81— a1 — by — —

@))dt
+ e202dt + 2e02dW,.

Then, integrating and taking the expectation gives that

E[V(t)] :E[|a0|2]+2E/O (a,ﬁm>ds+62E/O a?ds

t
+2E/ (@, 4(1 — ay — by — a;—ﬁﬁ))ds
0

t t
E[|to|?] —QE/ |va|2ds+62E/ a?ds
0 0
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t t
+2(1 —ay —bl)]E/ 02ds — (a+ﬁ)E/ w3ds
0 0

t t
<E[|ao|Y] — (o + 5)]E/0 wdds +[2(1 —a; —by) + eZ]E/O 02ds

t t
+1E/ fﬁds—E/ 02ds.
0 0

Thus, by Young inequality, there exists a positive constant Cj > 0 such that

t t
[2(1 —ay —by) +€* + 1]IE/ i?ds < (a + /3)JE/ @Pds + Ct.
0 0

By Gronwall inequality, we have

E sup [|a(t)]*] < E[ldol*le™" + Cr(1 —e™").
0<t<T

Similarly, we have the conclusion that
1

72 (Elliol*] + €.

B{u() + o) + ()] < (1+ 77 +

Thus, we complete the proof. O

As far as we know, we have obtained the boundedness of Y (¢,x) which con-

tributes to the use of comparison method, proving the boundedness of the wave-

front marker and estimating the wave speed through sup-solution and sub-solution.

Obviously, compared with the two-species competitive system, it causes more dif-

ficulties for us because of the relationship among the three different species, which

reflects the properties of equilibria. Next, the following lemma estimates how fast
the compact support of solution Y (¢) can spread.

Lemma 3.6. Let Y (t,x) be a solution to (1.2) starting at Yy, and suppose for some
R > 0 that Yy is supported outside (—R — 2, R+ 2). Then for anyt > 1,

t rR
P(/O /—R ||Y(S7£L')Hood8dgj > 0) <Cet / m_(\/]i_FD
(ol = (R+ 1)

Yo!|ood.
Yol e

x exp(—

Proof. From Lemma 3.4 and Theorem 3.1, we first construct a sup-solution
(u*,v*,w*) € Cf,, solving

uf = ul, +u(k — u*) + eu*dWr,

vf = vk, + (1 —v*)(agu* — v*) + ev*dW,
wi =wk, + (1 — w*)(bau* — w*) + ew*dWr,
u*(0) = ug, v*(0) = vo, w*(0) = wy,

as b
az—ay ba—b1

we suppose the solution u* € C;f . solving

where k > is a constant satisfying Fy (Y) < u(k — aju). Frequently,

uf = uk, +u(k —u*) + eu*dWr,
u*(0) = Kuo,
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similar to Lemma 3.4, (u*,v*,w*) = (u*, kyu*, kaw™), where ol <k <K+,
bo

and 5ot S ks < k+ 1 is a sup-solution to equation (3.8),. Moreover, for a.e.
w € Q and = € R, we have

Elu*(t, ) + v*(t, z) + w*(t,2)] < C(k), C(k) > 0is a constant.

Since u(t,z) < u*(t,x) a.s., v(t,z) < v*(t,z) a.s. and w(t,z) < v*(t,z) as.,
refer to [1,23], we have

e Dl N (e - (REDR
P(/O [Ru(s,x)dsdx>0)§Ce /|ac|—(R+1) p( 5 Yupdz,

and it leads to

t rR " \/E (|$|—(R—|—1))2
P(/o [Rv(s,x)dsdx >0) < Ce -/95|—(R+1) X exp(_Q—t)vodx.

Besides, we also have

b ¢ Vi _(zl = (R4 1))
]P’(/O /_Rw(sw)dsda: >0) <Ce /|J;—(R+1) x exp( 57 Jwodzx.

With these three inequalities, we complete the proof. O

In order to construct a tight measure sequence in Lemma 3.9, it essentially re-
quires that Y (¢, z) satisfy Kolmogorov tightness criterion, and Y (¢, z) € K(C,d, u, 7).
For more universality, we will verify this property with a p-moment estimation.

Lemma 3.7. For any ug, v, wo € C;t, \ {0}, t > 0, fized p > 2 and a.e. w € Q,

€
if | — 2’| <1, there exists a positive constant C(t), such that

QY (t,x) = Y(t,2")|P) < C(t)]x — a'[P/*7 1.
Proof. Since the solution Y (¢, ) can be expressed as

Y (t,z) :/RG(t,x —y)Yody

t t
+ / / Gt —s,z,y)F(Y)dsdy + 6/ / Gt —s,z,y)H(Y)dWdy,
0o JR 0o Jr
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through direct calculation, we get

Y(tx) — Y (2

<3| /R (G(t,z — ) — G(t,2” — ))uody]”

+ 371 / (G(t,x — ) — G(t,2’ — ))vodyl?
R

+ 301 / Gtz — ) — G(t.2 — y))wodyl?
R

+3071 /R/O (Gt — s, —y) — Gt — s, 2’ —y))FL(Y)dsdy|?

;
+3PI/R/Ot(G(t5,xy) G(t — s,2" — y))Fa(Y)dsdy|?
1
+3p—1/R/0t<G<t_S,x_y> G(t — 5,0 — ) Fy(Y)dsdyl?
+3p-1ep|/R/0t<G(t—s,x—y>—G(t—sx — ) HL(Y )W dy”
pe
9] [ @0 s~ Gl s~ ) V)W
v
#9710 [ [ (Gl —) = Gl = s’ - ) V)W
N7

Referring to Shiga [22] Lemma 6.2, as

| [ (6t~ sia =)~ 6t 5.0’ )Psdy < C(o)e - o'
0 R

for I'V, with Theorem 3.1, we obtain
t
BT <COIPB( [ [ (6= sa—y) — Gl — s’ —y) Pasdy*
0 R

t
([ [ (Gt sz )= G- 5o ) Purdsdy
o JR
<Ci(p,t)]a — o' |P/>71.
Similarly, for V' and VI, we have

E[V] < Cy(p, )|z — 2'[P/*71,  E[VI] < Cs(p,t)|z — ' [P/*7L
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For I, with Holder inequality, we get
t
E[I] =3""'E| / / (Gt —s,2 —y) — Gt —s,2" —y))(u — ayu® + byuv)dsdy|?
0o JR
t
< ([ [ (6= s —) = Gle = s~ ) Pasdyy?l
0o JR

X (/t / IG(t — 5,2 —y) — G(t — s,2" — y)|”E[(u — a1u® + byuv)P]dsdy)
§C4(p:)t)lf— /[P
Similarly,
E[I1] < Cs(p,t)|x — '|P/>7Y,  E[I1I] < Cs(p, t)|x — ' |P/>71,

For the rest terms, we have

: b _ -1 (y—r)° p
Bl [ (Gt =)= Gl — )yl <] [ [ I exp( O gy

T —r 2
<k )| [ e U yundrayy
_2)?
<Ol [ e uopay

<Cqr(p, )| —2'|P/>71, (since |z — 2’| < 1)

and

E| [ (G(t,x —y) = G(t,2" —y))wodyl* < Cs(p, t)|z — '[P,

E| [ (G(t,z —y) — G(t, 2 — y))wody|? < Co(p, t)|z — 2/ |P/>7L.
R

In summary, we complete the proof with the above inequalities. That is,
E[|Y (t,z) — Y (t,2")|P] < C(p,t)|z — «'|P/>~L.

O

Remark 3.1. Lemma 3.7 verifies that Y (¢,z) € K(C, 6, u,7), and Y (¢, x) satisfies
Kolmogrov tightness criterion. Thus, we can start to construct a traveling wave
solution.

Define QY as the law of the unique solution to equation (1.2) with an initial
data Y (0) = Yy. For a probability measure v on C;\ , we define

em?

W= [ @®@wav.

tem

In order to construct a traveling wave solution to equation (1.2), we must ensure
that the translation of the solution with respect to a wavefront marker is stationary,
and that the solution poses SCP property. However, Ry(Y (t)) does not meet this
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demand. Therefore, we have to choose a new suitable wavefront marker. As the
solution to (1.2) with Heaviside initial condition is exponentially small almost surely
as © — oo, with the stochastic Feynmac-Kac formula, we may turn to R;(t) :
Cit,, — [~00,00] defined as

tem
Ri(f) = ln/ e’ fdx,
R
Ri(u(t)) = ln/ e“u(t)dz,
R
and

Ru(t) = B (Y (1) = max{ R (u(t)), R (v(t)), Ri(w(t))}-
The marker R;(t) is an approximation to Ry (Y (t)) = max{Rg(u(t)), Ro(v(t)),
Ro(w(t))}-
Let Z(t) = Y(t,- + Ri(t)) = (Z1(1), Z2(t), Z5(1))", Zo(t) = Y (t, + Ro(Y (1)),
and define

(0,0,0)T, Ry (t) = —o0,
Z(t) =< (u(t,- + Ri(t)),v(t,- + Ri(t)), w(t,- + R1(t)))T, —o0 < Ri(t) < oo,
(17131)T> Rl(t) = 0OQ.

Hence, Z(t) is the wave shifted so that the wavefront marker Ry (t) lies at the origin.
Note that whenever Ro(Yy) < oo, the compact support property in Lemma 3.6
implies that Ry(t) < oo, Vt > 0, Q¥0-a.s.

Remark 3.2. Here, we define Ry (¢) in the maximum form, not only since it simpli-

fies the discussion about boundedness, but also because the asymptotic wave speed

is the minimum wave speed which keeps the traveling wave solution monotonic.
Ry (t)

As mentioned before, we calculate the asymptotic wave speed via ¢ = tlim =L
— 00

Therefore, the wavefront marker R;(t) defined in such a form can ensure that the
traveling wave solutions of the two subsystems are monotonic.

Next, define
1 T
vp = the law of T/ Z(s)ds under Q¥°.
0

Now, we summarise the method for constructing traveling wave solution. With
the initial data (4o = X(—c0,01; Y0 = X(—00,0]> W0 = X(—o0,0]) € C;t,, taken as Heav-
iside function, we shall show that the sequence {vr}rey is tight (see Lemma 3.9)
and any limit point is nontrivial (see Theorem 3.2). Hence, for any limit point v
(the limit is not unique), Q" is the law of a traveling wave solution. Two parts con-
stituting the proof of tightness are Kolmogorov tightness criterion for the unshifted
waves (see Lemma 3.7) and the control on the movement of the wavefront marker
R (t) to ensure that the shifting will not destroy the tightness (see Lemma 3.8).

Firstly, we complete preparations to prove the tightness of the sequence {vr }ren.

Lemma 3.8. For any ug,vo,wo € C;, \{0},t>0,d>0,T>1, and a.e. w €
there exists a positive constant C(t) < oo, such that
c@)

Q" (IBa(t)] > d) < —.
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Proof. First, we again construct a sup-solution satisfying

ﬂt = azz + kO’EL + Eﬁth,
{)t = /D(EI + FQ({I/, 73) + Elv)th,
’lIJt = ’lI)xx + F3(12, ’IIJ) + Edet,

g = U, Vg = Vg, Wy = W,

(3.8)

where kg > 0 is a constant which can be obtained by Theorem 3.1 such that F;(Y) <
kou. Let &(t, ) € Cyt,,, be the solution to

tem

{& = Ean + ko€ + €W,

§o = uo-
Then we can claim that (@,9,w) = (&, p1&,p2€), is a sup-solution to equa-
tion (3.8), where {3~ < p1 < az and i—io < pg < bo, and 0(t,x) < pru(t,x) as.,

w(t,x) < pau(t,x) a.s.

Therefore, we only need to study the property of @(t). According to the compar-
ison principle, we have u(t) < u(t) holding on [0, T] uniformly, and for a.e. w € Q,
the solution @(t,z) can be expressed as

t

u(t,x) = / el Gty — y)uo(y)dy + e/ / G(t — s,z — y)udWsdy.

R RJO
Applying the comparison method, we obtain

Q“O(/ u(t,x)edx) < E[/ a(t, x)e”dx]

R R

= E[/ / Pt G(t, x — y)uo(y)dye®dx] = ekot“/ ug(z)e®dz.
RJR R

Similarly, we have

Q”O(/ v(t, z)e"dz) gplekot"’t/ ug(z)e"dz,
R R

Qwo(/ w(t, z)e”dx) ger’“O”t/ ug(z)edz.
R R
Without generality, we assume that R;(t) = Rq(u(t)). Then it permits that

/ u(t,x + Ry(t))e"dx :e_Rl(t)/ u(t, z)e"dx = 1.
R R

On the other hand, we have

/ v(t,x + Ryi(t))e"dx < py, / w(t,z + Ri(t))e"dr < ps.
R R
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Associating with inequalities above, we have

Q7 () = ) =7 [ Q@ (Ra(0) > D)

T
~7 f, Q@ [ ttareti > 1)
1 T
—aX [T Huogputs) @
<e T/o Q" (@ (/R“(tax)@ dz))ds

1 T
Seidekotﬂf/ / u(s,z + Ry(s))e®dxds
o JR

:67dekot+t'

Next, Jensen’s inequality gives

QU (Ry (1)) < In(ekot+t / wo(@)e™dz) < kot +t + Ra (o).
R

In addition, we have such an estimation

T+t T
%Quo(/t Rl(s)ds_/o Ry (s)ds)

T
L /0 Ri(t+5) — Ri(s)ds)

1 T
=7 / / (Ri(t +s) — Ri(s))Q"° (du)ds
0 {Rl (t+$)—R1(S)>—d}
1 T
vzl (Ra(t + 5) — Ra(5))Q" (du)ds
0 J{Ri(t+s)—Ri(s)<-d}

1 T
=T / / (Ri(t+s) — Ri(s))Q" (du)ds
T Jo J{Ri(t+s)—Ri(s)>0}
d T
B T/ Q" (Ri(t+s) — Ri(s) < —d)ds
0
1 T o
g—/ / QU (Ry(t+ ) — R(s) > y)dyds
0 0
d T
- T/ Q" (R1(t+ s) — Ri(s) < —d)ds
0
_ / QT (Ry(t) > y)dy — dQ*T (Ry(t) < —d).
0
Rearranging the inequalities gives

Q" (Ra(t) < —d)
T | T

1 [ 1
<Z vt > vy _ ug
< [Cermoz s 4 [ - o [ @u s
L[ ikottt I
Sg/o e~ Ytko derd—T ; kos + s + Ry(ug)ds
C(t)

\
Q‘ ‘
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The proof is complete. O

Now, we can say the marker R;(¢) is bounded, which helps prove that the
sequence {vy : T € N} is tight and wavefront marker Ry(t) is bounded. Then, we
will show the tightness of {vy : T € N} with Y (¢,z) € K(C, 4, u, 7).

Lemma 3.9. For any ug,vo,wo € C;i,, \ {0}, and a.e. w € Q, the sequence
{vp : T € N} is tight.

Proof.
Similar to Theorem 3.8, we discuss with w(t,z). According to Lemma 3.7,
Y(t,x) € K(C,9, u,7) gives u(t,z) € K(C, 9, u,7), then we obtain

1 T
VT(K(Ca 57’77#)) :T A Quo (u(t’ -+ Rl(t)) € K(Ca 57’77/~L))d8

1 T
>1 / QU ((ult, -+ Ry(t — 1)) € K(Ce 4, 5,, 1))

T
21/1 QU (Q% =V (u(1) € K(Ce P45, p)))dt

T
~ 7 [ @R - Rie=1)| > e
=1 —1I.

With Lemma 3.8, I — 0 as d — oo. Via Kolmogorov tightness and Lemma 3.7,

for given d, u > 0, one can choose C, 9, to make I as close to % as desired. In

addition, we have

vr{ug : /Ruo(x)e_lx‘dx < /Ruo(x)exdac =1}=1.

By the definition of tightness, for given p > 0, one can choose C,d,~v such that
vr(K(C,6,1,7) N {uo = [p uo(z)e~1*ldz}) as close to 1 as desired for T and d
sufficiently large, which implies that the sequence {vy : T € N} is tight. O

Theorem 3.2. For any ug,vo, wo € C;,, \ {0}, and a.e. w € Q, there is a traveling
wave solution to equation (1.2), and QY is the law of traveling wave solution.

Proof. Denote by (f,g) = [ r fgdzr. First, taking a subsequence {vr, } converging
to v, then we choose g(x) € Cyt,, satisfying [, g(x)e”dx = 1. Choose g1(x), g2() €

Citm with g = g1 4 g2, (91, I(a/3,00)) = 0 and (g2, [(—co,2a/3)) = 0. Taking o1, 02
independent solutions to (3.8) with respect to @ starting at g1, g2, then using the
comparison method shows that ¢ < g1 + g2 is a solution to (3.8) with respect to @
starting at g. Applying Lemma 3.6 and taking large d, we have

QI((u(t,x), I(g.00)) > 0) <P((01(t, ), I(g.00)) > 0) + P((02(t, z),1) > 0)
<C(ko, t)e" Y3,

Taking h(x) with [, h(z)e*dr = 1, we also have

Qh((v(t,x),l(d’oo))> 0) < C(ko,t)e” 3, Qh((w(t,x),l(d,oo))> 0) < C(ko,t)e” 3.
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Therefore,

1

T
VT(UO : (u07[(2d,oo)) = O) = ?A Quo((Zl(t),I(gdpo)) = O)dt

1 T
> T/O Quo((u(t)’ I(dJrRl(tfl),oo)) =0, _|R1(t) - Rl(t - 1)‘ < d>dt

1 g wo () Z1(t—1) vr
7 [ @@ (). Taoey) = 0)it = Q7 (1Ra(1) > )
_T-1_C

- T d
By Lemma 3.8, we have

Th_rgo dlirgo vr(ug : (uo, I(24,00)) = 0) = 1.

Similarly, we have

lim 1 : 1 =0)=1
Jim Jim v (0o : (v0, L(24,00)) = 0)

and

Tlgr(l)o dh—>nolo vr(wo : (vo, [(2d,00)) = 0) = 1.

In order to prove the boundedness of Ry(t), from vr, (ug : (ug,e*) =1) = 1, we get
v(ug : (ug,e®) <1)=1.
Taking ef(z) = exp(d — |z — d|), then

y(uo : (u07ex) > 1) ZV(UO : (u()ve‘li) > 1)
>lim supvr, (ug : (uo, eil) =1)
n—oo

=lim supvr, (uo : (0, I(d,00)) = 0) = 1, as d — oo.
n—oo

Since v(ug : (ug, €”) = 1) =1, we obtain v(ug : Ro(ug) > —o0) = 1.

Similarly, we have v(vg : Ro(vg) > —o0) = 1 and v(wg : Ro(wp) > —o0) = 1.

Now, we continue to prove the boundedness of wavefront marker Ry(t). Taking
Ya € ® with (g > 0) = (d, 00), then

v(ug : Ro(ug) < d) =v(ug : (ug,q) =0)
>limsupvr, (ug @ (ug,¥q) = 0)

n— oo

=lim supvr, (uo : (U0, [(d,00)) = 0) = 1 as d — oo.

n— oo

Therefore, we have v(Yp : —oo < Ry(Yp) < o0) = 1 and complete the proof of
boundedness of wavefront marker Ry(t).
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To verify that the solution Y (¢) is nontrivial, taking R{(t) = In [ ||V (¢)||celdz,
we have

Q"(3s < t, Y ()| = 0) <Q"(R{(t) < —d)
<lim supQ"™ (R4(t) < —d)

n—oo

<limsup(Q"™ (Ry () < —d) + Q"™ ((u(t), [(4,00)) > 0))

n—oo
eley

<= — 0 as d— oo.

Now, we show that Z(t) is a stationary process, and Q" is the law of a traveling
wave solution to (1.2). Letting F : C,, — R be bounded and continuous, and

tem
taking u(t, z) as an example, for any t > 0 fixed,

Q" (F(Z1(1))) — Q"(F(Z1(1)))]
<[Q"™ (F(u(t, + R{(1)))) — Q"(F(u(t,- + R{(1))))|
+sup |F(uo) (QT (Ry(t) # Ri(t) + Q" (Ru(t) # R{(2))).

Since v, (u : (g, e*) = 1) = 1, we have
Q'™ (Ra(t) # R{(1)) < Q"™ ((u(t), I(a,00) > 0) < Clko, t)/d.
With v(ug : (ug,e®) = 1) = 1, we have
Q"(Ra(t) # R{(1)) < Q"((u(t), L(a,00)) > 0) < Clko,t)/d.

By the continuity of ug — Q“°, one has Q"™ — Q. Since F' is bounded and
continuous, then

QU™ (F(ult,- + R{(t)))) — Q" (F(u(t,- + R{(1))))] = 0, as n — cc.
Therefore, we have

Q"(F(Z:(t))) = lim Q"™ (F(Z1(t)))

n—r oo

Tn
— lim i/ Q™ (F(Zu(s +1)))ds

n—oo n 0

i 1 " o S S
Am—AQW%mw

Similarly, we have Q"(F(Z2(t))) = v(F) and QY(F(Z3(t))) = v(F). It is
straightforward to check that {Z(t) : ¢ > 0} is Markov. Hence, {Z(t) : ¢ > 0}
is stationary. Since the map Yy — Yy(- — Ro(Yp)) is measurable on C;, | the pro-

cess {Zy(t) : t > 0} is also stationary, which implies that Q¥ is the law of traveling
wave solution to equation (1.2). O
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4. Asymptotic wave speed

In this section, we investigate the asymptotic property of the traveling wave solution.
By constructing the sup-solution and the sub-solution, we obtain the asymptotic
wave speed for the two traveling wave solutions respectively. Then, we have the esti-
mation of the wave speed of traveling wave solutions to (1.2). Since the asymptotic
wave speed c of the traveling wave solution is defined as

Bo(t)

c¢= lim
t—o00 t

we denote by Ro(u(t)) = sup{z € R: u(t,z) > 0}, Ro(v(t)) =sup{z € R:v(t,x) >
0} and Ro(w(t)) = sup{z € R : w(t,x) > 0}for the sub-systems of the transformed
cooperative system. Since the wavefront marker Ry(t) of the cooperative system is
Ry (t) = max{Ro(u(t)), Ro(v(t)), Ro(w(t))}, and the asymptotic wave speed defined

)

as the maximum value of tlim Ro(u(t) tlim RO(’;(t)) and tlim w, we can define
—00 —00 —00
the wave speed ¢* as
Ro(Y (¢
c¢* = lim RoV'(t) a.s.
t—o00 t

Now, we construct a sup-solution by Lemma 3.4 and Theorem 3.1. Let Y (¢, z) =
(u(t,z),v(t,x),w(t, )T satisfy
Ut = Ugy + Wkp, — ) + eudWr,
Ut = Uge + (1 — 0)(agtt — 0) + evdWy,
Wy = Wy + (1 — @) (bot — @) + ewdWy,

Uy = ko, Vo = vo, Wo = wo,

(4.1)

where F1(Y) < u(ky, — u), ky, is the upper bound from Theorem 3.1 and k,, >
az 2
az—aq bz—bl :

Then, we construct a sub-solution and let Y (¢t,7) = (u(t,),v(t, ), w(t,z))T
satisty

(4.2)

ug = (1 —ay — by)ug, vy = vo, wy = wo.
Obviously, F1(Y) > u(1 —a; — by —u). With equation (4.1) and equation (4.2),
we can state the following results.

Theorem 4.1. For any ug, vy, wo € C;, \ {0}, let ¢* be the asymptotic wave speed

of equation (1.2). Then

VA —a; —by) — 2e2 < ¢ < \/4dk,, — 2€2 a.s.

In order to prove Theorem 4.1, we need the following lemmas. First, we introduce
the comparison method for the asymptotic wave speed.

Lemma 4.1 ( [27]). Let Y(t,z) and Y (t,x) be solutions to (4.2) and (4.1) respec-
tively. If c is the asymptotic wave speed of Y (t,-+Ro(Y.(t))), and ¢ is the asymptotic
wave speed of Y (t,- + Ro(Y (t))), then

c<c*<c¢ a.s.
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4.1. Asymptotic wave speed of sup-solution

Now, we show the asymptotic property of wavefront marker of the sup-solution. Let
¢(t,x) be the solution to

{ct = Cou + C(km — ) + CdW,,

Co = Uo.

Obviously, u(k, —u) > Fi(u,v). Similar to equation (3.8), we can construct a
sup-solution (@, s, w) = (¢, d1¢, d2() to equation (4.1), where a2a_2 <d <k,+1

ay; —
and b2b—2b1 < dy < kp, + 1, then we have a(t,z) < ((t,x) as., 0(t,z) < di1{(t, )
a.s. and w(t,z) < do((t,x) a.s. Thus, thanks to the definition of wave speed and

Lemma 4.1, we can obtain how the traveling waves spread by estimating c(a).

Theorem 4.2. For any ug,vo, wo € Cit,,, \ {0}, Y (t,z) is a solution to (4.1), then
the asymptotic wave speed c(Y) satisfies

c(Y) = Vdky, — 2¢2 a.s.
Proof. For any h > 0, take x € (0, h; +4/1 - % + 1h). Defining

¢ 1t
n(w) = exp(/ edWy — 5/ €?ds), 0 <t < oo
0 0

constructing new probability space (Q, F,P), W = (W(t) : t > 0) is Brownian
motion. Then, there exists T7; > 0, such that for t > 77 and a.e. w € Q)
€ €2
exp(fgt — kt) < m(w) < exp(fgt + Kt).

Thus, the stochastic Feynman-Kac formula gives

1 ~ ~
alt,z) Sexp(t — 5e*t + wOBOV () < —%)
1 2
<exp(t — §€2ﬁ + Kkt — %) a.s.,

for t > Ty. Set « > (k + h)t, where k is a constant. Multiplying e” with both sides
and integrating in [(k + h)t, 00), then we have

o0 o5} 1 2
/ u(t,z)e"dr < / exp(t — —€*t + wt — 4 x)dx
(k+h)t (k+h)t 2 4t

1, > —a?
—2\/ieXP(t_§€t+'€t+t)/we e
4t
k2 kh h? €2
Sroxn((1 4 o kR AT k- 5.
<Viexp((1+ 5 T~ khm P as,

for t > Ty. Let k = v/4 — 2¢2 + 4 — 2. Then, we obtain

lim a(t,z)e®dx =0 a.s.
t—o0 (k+h)t
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Similarly, integrating @(t, z)e® in [(v/4k,, — 2€2 + h)t, (k — h)t), we have

(k—h)t
/ a(t, z)edx
(V4km —2€2+h)t

(k—h)t 1 LE2
S/ exp(t — —€*t + Kt — — + x)dw
(VAR =224 h)t 2 4t
1 (k—h)t—2t
- 1 2v2 _ 2
=2Vt exp(t S€ t Rt + t) [W+h)t_2t e " dx
2Vi

4k,, — 2¢€* (Vaky, —2¢2)h . Rh?

2
< texp(t—%tJrl-itf t— t——t+

4 2
€2 k2 kh b2
— ViEexp(t — St +mt = —ot4 St = ot 4kt — ht)

VA, =28k h?
Wik 200, 17y gy

<Vtexp(kt + v/ 4k, — 2€2t — 5 1 )

kh ~— h?
— Vtexp(kt + 716 - Zt — ht) a.s.,
for t > T1. Analogously, we have
(V4ky, —2€2+h)t
/ u(t,x)edx
(V4ky,—2e2—h)t

4k, — 2€%h
<Vtexp(kt + Ak — 262t + qt

— Vitexp(kt + \/4k,, — 2€%t — 5

and

(k+h)t kh h2
/ a(t, z)e”dr <vtexp(kt + —t — —t — ht)
(

k—h)t 2 4
kh h?

— Vtexp(kt — —t — Zt + ht) a.s.,

2

VAaky, — 2¢2h

t——t+ht

v 4k, — 2€%t + ht)

for t > Ty. Referring to [21], there exists T > 0, such that for all ¢ > T, and

x < (V4 — 2€2 — h)t, there exist p1, p2 > 0 satisfying

exp(—p1V2tlnlnt) < a(t,z) < exp(p2V2tlnlnt) a.s.,

which goes into
(VaR,, —22—h)t
I

Since f(f+h)t u(t,x)e®dr < 1, we have

/ (t, 2)e"dz < exp(poy/HInE + (VA — 26 — R))(2 + H(t) + G(1)) a.s.,
R

a(t,z)e"dx < exp(paV2tinlnt + (\/ 4k, — 2¢2 — h)t) a.s.
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where

H(t) = \/iexp(%e2 - %t + Kt + %t — %Qt — poV2tInInt — \/4k,, — 2¢2t)
and

G(t) = \/fexp(%GQ —~ gt + Kt — 7”4]“’"2_262}% — paV2tInlnt — %Qt + 2ht).

With the arbitrariness of h and k we know that H(t) < 1 a.s. for large ¢, and
simple calculation shows that

1 1 1 e €
~1 t)=—1In4t — —(In2 — — + —t¢
G) =g ndt = (2= 5+ 50)
4k, — 2€? h? 1
+/<;f%h71+2h7¥p2v2tlnlnt¢z.s.

Again, with the arbitrariness of h and &,
1
lim —InG(t) =0 a.s.
t—oo §

In summary, we obtain the upper bound of the asymptotic wave speed of trav-
eling wave solution to (4.1),

Ry(t 1 1 1
% < Epg\/Qtlnlnt—F VA4—2 —h+ Zln2—|— glnG(t) a.s.

Furthermore, we have
. Ry (t) 2
lim sup—— < VA4k,, — 2€% a.s. (4.3)
t—o0

In addition, we have

t 1
RIT() 2 —Epl\/anlnt + \/4km - 262 —ha.s.

Thus, the upper bounded can be obtained that

litm inleT(t) > Ak, — 2€? a.s. (4.4)
—00

Combining (4.3) with (4.4) gives
4
tlim RlT() = /4k,, — 2€2 a.s.
— 00

As for ¢(v), by the definition of wave speed and Ry (t) = In [ e*o(t, z)dz, we have

In [, o(t, z)ed In [ qu(t, z)e"d
c(v) = lim M < lim nJpult,e)etde = 4k, — 2€% a.s.

t—o00 t t—o00 t

Analogously, for ¢(w), we have

c(w) < 4k, — 2€% a.s.

Then, we achieve the conclusion that ¢(Y) = /4k,, — 2¢2 a.s. O
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2. Asymptotic wave speed of sub-solution

By the method used in Theorem 4.2, we refer to Lemma 3.5 and have that (u(t,z),

v(t,z),w(t,z) = (a(t,z), nu(t, x), Wgu(t r)) is a sub-solution to equation ( 2).
Similarly, we construct a new probability space (Q, F,P), and W = (W (t) : t > 0)
is a Brownian motion defined on (2, F, IP’) For any h > 0, choosing 0 < 7 <

%2+\/1_a1—b1—§+1h and defining

¢ ¢
1
n(w) = exp(/ edWs — 5/ e?ds), 0 <t < oo,
0 0

there exists 77 > 0 such that
1, x?
w(t,z) <exp((l —a; — b))t — =e“t+ 7t — —) a.s.,
2 4t
for ¢t > T}. Thus, similar to Theorem 4.2, we have the conclusion.

Theorem 4.3. For any ug,vo, wo € C;t,, \ {0}, Y.(¢,2) is a solution to (4.2), then
the asymptotic wave speed c(Y) satisfies

c(Y) > VA1 —ay —by) — 2€2 a.s.

Proof. The proof is similar to Theorem 4.2, and we omit it. However, it is note-
worthy that

1 zd
() > lim "Irnult@)etdn

t—o00 t

=41 —a; — b)) — 2€2 a.s. (4.5)

and

cw) > \/4(1 —ay —by) — 262 a.s. (4.6)

Based on the definition of the wave speed which keeps the traveling wave solution
monotonic, ¢(Y) = max{c(u), c(v), c(w)} > /4(1 —a; — by) — 2¢2 as. O
Proof of Theorem 4.1. Associating Theorem 4.2 and Theorem 4.3 with Lemma 4.1,
we can achieve the conclusion

VA1 —a; — by) — 2€2 < ¢ < \/4k,, — 2€2 a.s.
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