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Abstract In this paper, a general idea of Presic type L-fuzzy fixed point
results using some weakly contractive conditions in the setting of metric space
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1. Introduction

In fixed point theory with metric structure, the contractive inequalities on under-
lying mappings play a significant role in solving fixed point problems. The Banach
contraction mapping principle (see [6]) is one of the first well-known results in met-
ric fixed point theory. Meanwhile, various extensions and generalizations of Banach
contraction principle abound in the literature (e.g., see [2,15,17] and the references
therein). One of the well-celebrated results in this field is attributed to Presic [25],
who established an interesting generalization of the Banach contraction principle
with significant applications in the study of global asymptotic stability of equilibri-
ums of nonlinear difference equations arising in dynamic systems and related areas.
For some articles related to Presic type results, we refer to [4,10,24] and references
therein.

On the other hand, the real world is filled with uncertainty, vagueness and im-
precisions. The notions we meet in everyday life are vague rather than precise. In
practical, if a model asserts that conclusions drawn from it have some bearings on
reality, then two major complications are obvious, namely, real situations are often
not crisp and deterministic; a complete description of real systems often requires
more detailed data than human beings can recognize simultaneously, process and
understand. Conventional mathematical tools, which require all inferences to be ex-
act, are not always sufficient for handling imprecisions in a wide variety of practical
fields. Thus, to reduce these shortcomings inherent with the earlier mathematical
concepts, the introduction of fuzzy sets were introduced in 1965 by Zadeh [29]. Con-
sequently, various areas of mathematics, social sciences and engineering witnessed
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tremendous revolutions. In the mean time, the basic notions of fuzzy sets have
been improved and applied in different directions. In 1981, Heilpern [14] availed
the idea of fuzzy set to initiate a class of fuzzy set-valued mappings and proved a
fixed point theorem for fuzzy contraction mappings which is a fuzzy analogue of
fixed point theorems by Nadler [23] and Banach [6]. Afterwards, several authors
have studied the existence of fixed points of fuzzy set-valued maps. For example,
see [7,13,19-22]. One of the useful generalizations of fuzzy sets by replacing the
interval [0,1] of the range set by a complete distributive lattice was initiated by
Goguen [12] and was called L-fuzzy sets. Not long ago, Rashid et al., [26] came up
with the notion of L-fuzzy mappings and established a common fixed point theorem
through Spr-admissible pair of L-fuzzy mappings. As an improvement of the notion
of Hausdorff distance and os-metric for fuzzy sets, Rashid et al., [27] defined the
concepts of Dgy, and o7° distances for L-fuzzy sets and generalized some known
fixed point theorems for fuzzy and multi-valued mappings.

Following the above chain of developments, we initiate in this paper a general
examination of Presic type L-fuzzy fixed point results by employing weakly contrac-
tive conditions in the bodywork of metric space. Stability of L-fuzzy mappings and
associated novel notions are proposed to complement their corresponding concepts
related to multi-valued and point-to-point-valued mappings. In the case where the
L-fuzzy set valued map is reduced to its crisp counterparts, our results improve a
number of significant metric fixed point theorems in the related literature.

2. Preliminaries

Hereafter, the sets R, R, and N, represent the set of real numbers, positive real
numbers and natural numbers respectively.

Definition 2.1. Let ()?, o) be a metric space. A mapping 9 : X — X is said to
be weakly contractive, if for all z,y € X,

o(0(x),(y)) < oz, y) — p(o(z,y)),

where ¢ : Ry — R, is a continuous and non-decreasing function such that ¢(0) =
0 and ¢(t) — oo as t — oo.

Alber and Guerre-Delabriere [3] showed that every weakly contractive mapping
on a Hilbert space is a Picard operator. Rhoades [28] proved that the corresponding
theorem on a complete metric space is also true. Dutta et al., [11] extended the idea
of weak contractive condition and obtained a fixed point result which improved the
main results in [3,28].

Definition 2.2. Let [ > 1 be a positive integer. A point u € X is called a fixed
point of ¥ : X! — X, if 9(u,--- ,u) = u.

Consider the [th-order nonlinear difference equation given by
T+l = 19(1'77,7 e ,$n+171), neN (21)

with initial values zq,--- ,2; € X. Equation (2.1) becomes a fixed point problem
in the sense that v € X is a solution of (2.1), if and only if u is a fixed point of
p: X — X defined as

p(u) =¥ u, - ,u), for all u € X.
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Presic [25] established a very significant result in the light of (2.1) as follows.

Theorem 2.1 ( [25]). Let (X,0) be a complete metric space, | a positive integer
and 9 : X' — X be a mapping satisfying the condition

0-(19(:1;17 e 7xl)7’19($27 tee ,xl+1)) S )\maX{O'(x17x2)7 e 7U(ml7ml+1)}7

for all x1,--- ,x; € X, where \ € (0,1). Then, there exists u € X such that

Hu, -+ ,u) = u. Moreover, for any arbitrary point x1,--- ,x; € )?, the sequence
defined by (2.1) converges to u and

lim x, =9( ilm z,,---, lim x,).
n—oo n—aoo n—oo

Notice that by putting I = 1, Theorem 2.1 reduces to the Banach fixed point
theorem. Theorem 2.1 has attracted a lot of attention due to its importance in the
study of global asymptotic stability for the equilibrium of the fixed point problem
(2.1).

Not long ago, Abbas et al., [1] studied the convergence of a generalized weak
Presic type [-step method for a certain family of operators fulfilling Presic type
contractive conditions as follows.

Theorem 2.2 ( [1]). Let (X,0) be a complete metric space. If a mapping O :
X! — X, for a positive 1, satisfies:
o((@y, - @), w2, -+, wi41)) < max{o(z;, wi41) : 1 <0 <}
— p(max{o(x;, x41) : 1 <1i <1}),
for all (x1, -+ ,x141) € )Z'l“, where ¢ : Ry — Ry is a lower semi-continuous
function with o(t) = 0, if and only if t = 0. Then, for arbitrary point z1,--- ,x; €
X, the sequence defined by (2.1) converges tou € X and 9(u,--- ,u) = u. Moreover,
if
o, 2), 9y, - ,y)) <oz, y) —lo(z,y))

holds for all x,y € X with x #y, then ¥ has a unique fized point in X.

__Let the set of all nonempty compact subsets of X be denoted by IC(;( ), where
(X,0) is a metric space. For A, B € K(X), the function H : K(X) x L(X) — R
defined by

H(A, B) = max {sup o(x, B), sup o(z, A)}
TEA zEB

is called Hausdorff-Pompeiu metric on IC(;( ) induced by the metric o, where

olw. A) = inf o(z.y).

The following Lemma due to Nadler [23] is useful for establishing our results.

Lemma 2.1. Let (X,0) be a metric space and A, B € K(X). Then, for each a € A,
there exists b € B such that

o(a,b) < H(A, B).
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In the following, we recall specific concepts of fuzzy sets and L-fuzzy sets that
are needed in the sequel. For these concepts, we follow [12,26,29].

Let X be a universal set. A fuzzy set in X is a function with domain X and
values in [0,1] = I. If A is a fuzzy set in X, then the function value A(zx) is called
the grade of membership of x in A. The a-level set of a fuzzy set A is denoted by
[A]z, and is defined as follows

Als = {xeX:A@) >0}, ifa=0;
" H{zeX:A@) >a}, ifae(0,1],

where by M, we mean the closure of the crisp set M. We denote the family of fuzzy
sets in X by IX.

A fuzzy set A in a metric space V is said to be an approximate quantity, if and
only if [A]5 is compact and convex in V and sup,y A(z) = 1. Denote the collection
of all approximate quantities in V' by W (V). If there exists an & € [0, 1] such that
[A]z, [Bla € K(X), then we define

Dz (A, B) = H([Ala, [Bla),
0xo(A,B) = sup D5(A, B).

Definition 2.3. A relation < on a nonempty set L is called a partial order, if it is
(i) reflexive;
(ii) antisymmetric;
(iii) transitive.
A set L together with a partial ordering < is called a partially ordered set (poset for

short), and is denoted by (L, <1). Recall that partial orderings are used to provide
an order for sets that may not have a natural one.

Definition 2.4. Let L be a nonempty set and (L, <) be a partially ordered set.
Then, any two elements x,y € L are said to be comparable if either z < y or y < x.

Definition 2.5. A partially ordered set (L, <) is called:

(i) alattice ,if e Vy € Land x Ay € L, for any z,y € L;
(ii) a complete lattice, if \/ A € L, and A A€ L, for any A C L;

(iii) distributive lattice, if xV(yAz) = (xVy)A(xVz) and 2A(yVz) = (xAy)V(zAz),
for any x,y,z € L.

A partially ordered set L is called a complete lattice, if for every doubleton
{z,y} in L, either sup{z,y} =z \/y or inf{z,y} = = A y exists.

Definition 2.6. Let L be a lattice with top element 1; and bottom element 0y,
and let z,y € L. Then, y is called a complement of z, if t Vy =17 and x Ay = 0p.
If x € L has a complement, then it is unique. We denote by z¢, the complement of
x.

Definition 2.7. An L-fuzzy set A on a nonempty set X is a function with domain
X and whose range lies in a complete distributive lattice L with top and bottom
elements 17, and 0y, respectively.
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Remark 2.1. The class of L-fuzzy sets is larger than the class of fuzzy sets as an
L-fuzzy set reduces to a fuzzy set, if L =1 = [0, 1].

Denote the class of all L-fuzzy sets on a nonempty set X by L (to mean a
function: X — L).

Definition 2.8. The ay-level set of an L-fuzzy set A is denoted by [A]ar, and is
defined as follows

[Alar = {{x €X:0p 2L A()}, ifa=0;
{re X :ap = A(x)}, ifar,eLl\{0L}.

Definition 2.9. Let X be an arbitrary nonempty set and Y a metric space. A
mapping S:X — LY is called an L- fuzzy mapping. The function value S(z)(y)
is called the degree of membershlp of y in S (z). For any two L-fuzzy mappings
S, S:X — LY, a point u € X is called an L- fuzzy fixed point of S, if there exists
ar € L\{0.} such that u € [Su]g, . A point u is known as a common L-fuzzy fixed
point of S and S, if u € [Su]z, N[Sus, .

3. Main results

We begin this section by inaugurating the notion of stationary points (also called
end points) for L-fuzzy mappings which is motivated by the uniqueness concept of
fixed point of point-valued mappings. For related articles on end point results, we
refer to Amini-Harandi [5] and Choudhury [8].

Definition 3.1. Let X be a nonempty set. An element u € X is called a stationary
point of an L-fuzzy set-valued map S : X —s LX | if there exists an a, € L\ {0}
such that [Tu]a . = {u}. Similarly, for I € N, the point u is said to be a stationary
point of S(zy,---,2;) : X! —s L, if there exists an a; € L\ {0} such that

[S(uv T vu)]&L = {u}
Theorem 3.1. Let ()~(,U) be a complete metric space, | a positive integer and

g(xl, S, xp) X' — L an L-fuzzy set-valued map. Assume that the following
conditions hold

(i) there exists an & € L\ {01} such that [S(xy,--- ,21)|a, is a nonempty com-
pact subset of X ;

(ii) there exists a lower semi-continuous function ¢ : Ry — Ry satisfying ¢(t) =
0, if and only if t = 0 such that

H([S(z1,- - sz)lay, [S(x2, -+ s zi41)la,) < max{o(w;, i) 0 1 <i <1}
— p(max{o(z;,zit1) : 1 <i <1}),
(3.1)
for all (x1, - ,241) € X1, Then, for any arbitrary point x1,--- ,x; € )?, the

sequence {Tn1i}n>1 defined by

Tnst € [S(@ns - Tnsi—1)]a,, n €N (3.2)



6 M. S. Shagari & M. Balarabe

converges to u € X and u € [S(u, - -- s uw)a, - Moreover, if

H([S(xl’ T 7‘%‘)}&L’ [S(ya T 7y)}52L) < O'(l‘,y) - gO(O’(.Z‘, y)) (33)

holds for all x,y € X with x %y, then S has a stationary point in X.

Proof. Let xzq,--- ,x; be arbitrary [ elements in X. Consider the sequence defined
by (3.2). If there exists an ay € L\ {0p} such that x; = ;41 for all i = n,n +

1,---,n+1—1, then x; € [S(z;, - ,2;)]5,. That is, z; is an L-fuzzy fixed point
of 5, and the proof is finished. Hence, we assume that x; # x;41 for all i =
n,n+1,---,n+1—1. Forl > n, from (3.1) and Lemma 2.1, we have the following
inequalities

O (Z14n, Tign—1) < ﬁ([g(xm'“ s Tign—1)]ag, [S(@nt1, s Tutt)lay)
< max{o(z;,x;i41) :n<i<l+n-—1}
—p(max{o(x;,ziy1) :n<i<l+n-—1})
< max{o(z;,xi41) :n<i<l+n-—1}.

U(xl+1a xl+2) < ﬁ([g(xlv e axl)]&u [g(m% T axl+1)]&L)
< max{o(z;,x;41): 1 <i<l}
—p(max{o(x;, xi41): 1 < i <1})
< max{o(z;,xip1) : 1 <i <}

oz i) < H([S(x1,--- w1y, [S(az, - a)la,)
< max{o(z;,xiy1) 1 <i <1 —1}
—p(max{o(z;,xit1): 1 <i<1—1})
< max{o(z;,xiy1) 1 <i<l—1}.

(@1 my 1nt1) € H(S(@1, 2o 1)ay, [S@e, - 210)]a,)
<max{o(z;,xi41): 1 <i<l—-n-—1}
—p(max{o(x;,zit1):1<i<l—n-—1})
< max{o(z;, wip1): 1 <i<l—n-—1}.

Hence, we conclude that the sequence {o(zp+1—1,Tn+1)}n>1 IS monotone non-
increasing and bounded below. Therefore, there exists 7 > 0 such that

nfinma(xn+l_1,xn+l) = nliﬂmoo max{o(Tnti, Tntit1) 1 <i<l—1}=7. (3.4)

We claim that 7 = 0. To see this, consider the following inequalities

S ‘H([S(:’C’n7 e 7$l+’n71)]5¢[‘7 [S(x’n+17 e 7$l+n)]aL)
< max{o(z;,zi41) :n<i<l+n-—1} (3.5)
— p(max{o(z;,zit1) :n <i <l4+n-—1}).

U($l+m $l+n+1)
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Taking upper limit in (3.5) as n — 0o, we have 7 < 7 — (7), which implies that
(1) < 0. Hence, (1) = 0. Therefore, lim,,— o 0(Zi4n, Titnt1) = 0.
Next, we show that {z, },>1 is a Cauchy sequence in X. Let m,n € N with n > m.

Then, from (3.1) and Lemma 2.1, we obtain

(L1 4n, Tiym)

H([S(@n, - s rin—1)ag [S@ms - s Tipm—1)]a,)
H([S(@n, - s @rin-1ars [S @it s 2rin)la,)

+ H([S(@ns1, s 2ien)lan, [S(@ngas  Tipnt)la,)
+oo+ H(S @1, @ipm—2)]ar: [S@ms  1pm—1)lay)
max{o(x;, xi11):n<i<l+4+n-—1} (3.6)
— p(max{o(z;,zit1) :n <i<l+n-1})

+ max{o(x;, zi41):n+1<i<l+n}

—(max{o(z;,x;11) :n+1<i<Il+mn})

+ -+ max{o(z;,zi11) :m—1<i<l+m—2}

— p(max{o(x;,zit1) :m—1<i<Il4+m—2}).

IN

IN

IN

Taking upper limit in (3.6) as n — oo gives lim,, o 0(Zj4n, Ti4m) = 0. This
shows that {z,},>1 is a Cauchy sequence in X. Hence, the completeness of this
space guarantees the existence of u € X such that

lim o(zp,u) =0. (3.7)

n—oo
Now, to show that u is an L-fuzzy fixed point of §, let n € N, then consider
o(u, [S(u, -+ w)a,) < o, Tnpt) + 0 (@ngs, [Su, -+ w)]a,)
< 0w, @npr) + H([S(@n, - s 2npr1)]a, [S(u, - w)las,)
< (u xn+l) + ﬁ([g(u, T au)]&L)v [§(u, T axn)]&L
+ H([S(u, - xn)la, [, @, 2ni1)]a,)
+o o H((S (T Tni-2)ag s [S@ns o nsi1)]a,)-
o(u, Tpyy) + max{o(u,z;) : 1 <i<n}
— p(max{o(u,z;): 1 <i<n})
+ max{o(u, ), 0(Tn, Tni1)}
— p(max{o(u, zn),0 (T, Tni1)})
+- 4 max{o(u, ), 0(Tn, Tnt1)y 5 0(Tnti—2, Tnti-1)}

- np(max{a(u, xn)a 0‘(.’17”, wn+1), T 7U($n+l72’ anrl*l)})'
(3.8)

IN

Taking upper limit in (3.8) gives o(u, [g(u, - ,u)]a,) < 0, which implies that
u € [S(u,- - ,u)]g,. That is, u is an L-fuzzy fixed | point of S. Now, we prove that
under condition (3. ) S has a stationary point in X. For this  purpose, assume that

there exists u* € [S(u*,- - ,u*)]a, with w # u* such that [S(u, -- cwla, # {u}.
Then, by Lemma 2.1, we have

U(uvUJ*) < Er([g(uv 7“)]5L’ [S(U*7 7U*)
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(u ") — wlo(u,u”))

< U
<o u

/\

(3.9)

as a contradiction. Hence, S has a stationary point in X. O

Example 3.1. Let L = {a,b, ¢, g,s,m,n,v} be such that a <, s < ¢ Xy v, a 3,
g b=pv,s<rm=pv,g9g=rm=pv,n=<pb=r v, and each element of the
doubletons {c,m}, {m,b}, {s,n},{n, g} are not comparable. It follows that (L, =)
is a complete distributive lattice. Let X = [0 o0) and define o : XxX —R by
o(x,y) = |z —yl, for all z,y € X. Clearly, (X,d) is a complete metric space. Let

ar : X — L\ {01} be a mapping. For all z1,--- ,2; € X, consider an L-fuzzy

set-valued map S(z1,- -, ;) : X! — L defined as follows
v, f (t1> e atl) S [07 m1+5ié+ml] 5
- 7 .ft,”',t c z1+ +53L7ﬂ71+ +x; :
S(mlv"' 7ml)(t17"' ﬂtl): o ( ' l) (m1+5l +x; :L’1+l+11]
m f(t17"'atl)€( a2 ) 312 ]7
g, if (tr,-- 1) € (PET, 00)

Assume that &, = v, then there exists &y, € L\ {01} such that

13(z1 - -- ”l].

), = [0,1512

Define the function ¢ : R — R, by

o £ ift €[0,3)
© = on(gn+tly . 2n 2(n+1)
ﬁa 1ft€{22j1,22n#+1},n€N.

A direct calculation verifies that ¢ is lower semi-continuous on R, and ¢(t) = 0, if

and only if t = 0. Now, for all (z1,--- ,z111) € X, we have

L (S, 7371)75(902,"' Ti41))

([ (.131, e 7xl)]aL7 [g(x% T 7xl+1)]aL)

T+ -+ 2 T2 +
(=

"'+xl+l
512

1<i<l}

Dy

H

IN

1
—|z1 — x41] < - max{|x; — zip1] :
51 =5 +

<

8 max{o(;, Tit1)

= max{o(z;, T;11 :

— p(max{o(x;, x;11) :

Moreover, for all z,y € X , we have

71.)}5@7 [S(y7 e

1 <i <}

1<)}

1<i<Ii}).

7y)}aéL)

>l =yl

o(z,y)
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=o(z,y) — plo(z,y)).

Therefore, all the conditions of Theorem 3.1 are satisfied. Consequently, there exists

u =0 € X such that 0 € [S(0,---,0)]5,. That is, 0 is an L-fuzzy fixed point of S.

Corollary 3.1. Let ()?,0) be a complete metric space, | a positive integer and

Sz, ,2) X! — L be an L-fuzzy set-valued map. Assume that the following
conditions hold

(i) there exists ay, € L\ {0} such that [S(z1, - ,2;)]5, is a nonempty compact
subset of X;

(i1) there exists A € (0,1) such that

ﬁ([S(:El, T 7xl)}&L? [S(l‘g, T "Tl+1)]&L)

. (3.10)
< dmax{o(x;, x41) : 1 <i <},
for all (x1,--- ,x41) € X!H1 Then, for any arbitrary point x1,--- ,x; €
X, the sequence {Tpii}n>1 defined by xpiy € [S(Tn, - s Tnti—1)]a,, n € N
converges to u € X and u € [S(u,--- ,u)lz,. Moreover, if for all z,y € X
with x # vy,
H([S($, T vm)]&L [S(y’ e 7y)]aL) < )‘J(xa y)v
then S has a stationary point in X.
Proof. Put ¢(t) = (1 — A)t, where A € (0,1) and ¢t > 0 in Theorem 3.1. O

Corollary 3.2. Let ()?,0) be a complete metric space, | a positive integer and

S(x1, -+ ,xy) ¢ X! — L be an L-fuzzy set-valued map. Assume that the following
conditions are satisfied

(1) there exists ar, € L\{0p} such that [S(z1, - ,2i1)]a
subset of X;

(i) there exist non-negative constants Ay, --- , N\ with Zi’:1 Ai < 1 such that

. 18 a nonempty compact

H([S(m17 e 7xl)]&L’ [S(:EQ, . ’{L'lJrl)]&L) S )\10-(1‘17:»62) + )\20‘({1;27.'1;3)
+ -+ No(z, 241),

(3.11)
for all (x1, -+ ,2141) € X1, Then, for any arbitrary point x1,--- ,x; € )?, the
sequence {Tpii}tn>1 defined by xpiy € [S(Tn, -+, Tnti—1)]a, converges to u € X
and u € [S(u,--- ,u)lg,. Moreover, if

H([S(, - )lan, [SWs - y)ay)
(3.12)

l
S Z )\iO'(SC, y)
=1

holds for all x,y € X with x %y, then S has a stationary point in X.
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Proof. Obviously, condition (3.10) can be followed from condition (3.11) by taking
A= 2221 Ai. Furthermore, let x,y € X with x # y. Then, from (3.12), we have

H([S(LL‘7 7$)]&L7[S(y7"' »y)]&L) < Er(jg(f, 7$)]&L7[§(y7;-. 7‘r7y)]&L)
+H([S(ai7 : ~ >x7y)]&'Lﬂ [S(‘T7 : ~ 7x7y7y)]82L)
++H([S(l‘,y, ’y)]aL>[S(ya"' 7y)]5zL)

l
S Z AiO’(-T, y)
=1

Thus, all the assertions of Corollary 3.1 are satisfied with A = Zé:l Ai, and that

completes the proof. O
The following theorem is a Presic-type generalization of the main result of
Heilpern [14] using the concept of o¢° distance for L-fuzzy sets.

Theorem 3.2. Let ()N(,U) be a complete metric space, | a positive integer and
S X! — W(X) an L-fuzzy set-valued map. Assume that there exists a lower
semi-continuous function ¢ : Ry — Ry with ¢(t) = 0, if and only if t = 0 such
that

o (S(xy, -+ @), S,y 2141)) < max{o(x;, zi41): 1 < i <1} (3.13)
— p(max{o(z;,zit1) : 1 <i <1}), '
for all (z1,--+ ,x141) € XH1 Then, for each arbitrary point x1,--- ,x; € X, the

sequence {Tp+itn>1 defined by
Tn+ti € g(x'ru e 7='En+lfl)7 neN
converges to u € X and {u} C S(u,--- ,u).

Proof. Letzi, -,z € X and &y, € L\{0.}. Then, according to the hypothesis,
S(x1,--+,21)]a € K(X). Now, by definitions of Dz, and of°-metric for L-fuzzy
sets, for all z1,--- , 2,41 € X1, we have

DaL(g(xh"' ,.’II[),S(.Z’Q,"' 7xl+1)) = H([%zg 7xl)]aL7[§(13"“ "xl“l‘l)}&L)
< SPPH([S(IM' ’ '7Il)]aL7 [S(‘T% T 7xl+1)]aL)

ar

= O'%O(S(Z‘l, e ,.’L'l), S(.’I}27 T ;$l+1))
< max{o(z;,xiy1) : 1 <i <1}
—p(max{o(x;, x;i41): 1 <i <1}).

Thus, Theorem 3.1 can be applied to find u € X such that {u} € S(u, -+ ,u). O

Remark 3.1. If we take L = [0,1], | = 1 and ¢(t) = (1 — A\)t for all t € Ry and
A € (0,1), then Theorem 3.2 reduces to the main result of Heilpern [14].

Definition 3.2. [14] Let (X,0) be a metric space. A fuzzy set-valued map S :
X — W(X) is called fuzzy A-contraction, if there exists a constant A € (0,1) such
that for all z,y € X,

00 (5(2),S(y)) < Ao(z,y).
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In [14], it has been shown that every fuzzy A-contraction on a complete metric
space has a fuzzy fixed point. Following this idea, we inaugurate the next definition
in order to establish a significant consequence of Theorem 3.2.

Definition 3.3. Let ()?,0’) be a metric space. An L-fuzzy set-valued map S -
X —» W()? ) is called an L-fuzzy weak contraction, if there exists a lower semi-
continuous function ¢ : Ry — R with ¢(¢) = 0, if and only if ¢ = 0 such that for
all z,y € X with x #£y,

o (S(x),S(y)) < ol@,y) — p(o(x,y)).

Corollary 3.3. Let (X, 0) be a complete metric space and S : X —s W(X) be an
L-fuzzy weak contraction on X. Then, S has at least one L-fuzzy fived point in X.

Proof. It is enough to take [ = 1 in Theorem 3.2. O

Remark 3.2. If we put L = [0,1], ¢(t) = (1 — Nt for all ¢ > 0 and A € (0,1),
Corollary 3.3 reduces to the main result of Heilpern [14, Theorem 3.1].

4. Further consequences

Here, we apply the results from Section 3 to discuss some new fixed point results
of fuzzy, multi-valued and single-valued mappings. To this end, recall that a point
u € X is called a fixed point of a multi-valued (single-valued) mapping A on X, if
u € Au (u = Au). A point u € X is said to be a stationary point of a multi-valued
mapping A, if Au = {u}.

Theorem 4.1. Let ()?,O’) be a complete metric space, | a positive integer and
S(zy, @)+ X — [0,1] a fuzzy set-valued map. Assume that the following

conditions hold

(i) there exists an & € (0,1] such that [S(x1,--- ,2;)]q is a nonempty compact
subset of X;

(ii) there exists a lower semi-continuous function ¢ : Ry — Ry satisfying ¢(t) =
0, if and only if t = 0 such that

H([S(z1,-- ,z)la, [S(xe, -+ yxi41)]a) < max{o(z;,ziy1) 1 1 <1<}
— p(max{o(z;, zip1) 1 1 <i <1},

for all (x1, - ,211) € XL Then, for any arbitrary point xy,--- ,x; € X, the
sequence {Ty+1}tn>1 defined by

Tn+1 S [S(xna te a$n+171)}&a neN

converges to u € X and u € [S(u,--- ,u)|z. Moreover, if

H([S(z1, -+, 2)a [y, y)la) < o(@,y) — p(o(z,y))

holds for all x,y € X with x # vy, then S has a stationary point in X.
Proof. Put L =10,1] in Theorem 3.1. O
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Theorem 4.2. Let (5(:,0') be a complete metric space, | be a positive integer and
A: X' — K(X) be a multi-valued mapping. Assume that

H(A(zy, - ,2p), A(za, -+ y2141)) < max{o(z;,xi41): 1 <i <1}
= —p(max{o(x;, x;41): 1 <i <1})

holds for all (x1,--- ,x141) € )N(l“, where ¢ : Ry — Ry is a lower semi-continuous
function with ¢(t) = 0, if and only if t = 0. Then, for any arbitrary point
T1,+ ,2 € X, the sequence {Tpn4i}n>1 defined by xni) € A(Xp, -+, Tpti—1), N E
N converges to u € X andu € A(u, -+ ,u). Moreover, if

H(A(z,---,x), Ay, - ,y)) < o(x,y) — w(o(z,y))

holds for all x,y € X with z #y, then A has a stationary point in X.

Proof. Let L = {{,w,¢, 7} with £ <p w < 7, £ <X ¢ <p 7, w and ¢ are not
comparable, then (L, <1 ) is a complete distributive lattice. Let &y : X! — L\{0.}

be a mapping, and consider an L-fuzzy set-valued map §(x1, ceexg) e X — L
defined by

_ apley, - om), A (b 0) € Ay, );
Sy, x)(ty, - t) = {OL otherwise

If we take ay := arp(x1, - ,x;) = 7, then, for all (z1,---,2;) € )Z', there exists
ar € L\ {0L} such that

[S(z1,--x)la, = {(t1,- ) € X :7 =y S(aq, -, 2)(tr, -+ 1)}
:A(l'l,"' ,xl)«

From this point, Theorem 3.1 can be applied to find u € X such that u € Au, -+ ,u)
and {u} = A(u,--- ,u). O
Theorem 4.3. (see [, Theorem 2. 1]) Let ()N(,U) be a complete metric space, | a

positive integer and 9 : X! — X be a single-valued mapping. Assume that there
exists a lower semi-continuous function ¢ : Ry — Ry with ¢(t) = 0, if and only
if t =0 such that

o((xy, - xp),Haa, -+ ,x141)) < max{o(x;, 1) : 1 <i <!}
—(max{o(x;, x;11): 1 <i <I})

holds for all (zy1,--- ,x141) € X1 Then, for any arbitrary point x1,--- ,x; € X,
the sequence {Tp1i}nen defined by xpi; = HTpny , Tnti—1), n € N converges to
u€ X and u=9(u, - ,u). Moreover, if

o(d(x, - x), 9y, ,y) <olz,y) —plo(z,y))

holds for all x,y € X with x # vy, then u € X is the unique fized point of 9.

Proof. Let L = {{,w,q,7} be as defined in the proof of Theorem 4.2. Then
(L, =r) is a complete distributive lattice. Let ar, : X' — L\ {0z} be an arbitrary
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mapping and define an L-fuzzy set-valued map g(xl, ) X — L as
~ a if (t,-+-.t) =1
S(xl,"' 7$l)(t1,"‘ ,tl) _ aLﬁ(xla 7xl)7 1 ( 1, 5 l) (xla 7xl)7
0y, if (t1,--,t) #£Hay, - ,x).
By taking ay, := ap, (z1, -+ ,2;), we have

[S(z1,- - @)]a, = {(t1,-- t1) € X tap, (1, @) <p S(@y, -, x)(ty, - )}
= {0(z1,--- 1)}

Obviously, {9(z1,--- ,x;)} € K(X). Notice that in this case,

H([S(‘Tla e 7xl)]aL7 [5(372’ t ’xl+1)}&L) = 0(19(1:1’ T 7931)719(172’ e ’xl+1))'

Consequently, Theorem 3.1 can be applied to find u € X such that
we [S(u,- -+ ,u)lg, = {9(u, -+ ,u)}, which further implies that
Hu, -+, u) =u. O

Remark 4.1.

(i) Theorems 3.1 and 4.2 are L-fuzzy set-valued and multi-valued extensions of
the result of Abbas et al., [1, Theorem 2.1].

(ii) Theorem 3.1 is an L-fuzzy generalization of the results of Ciric [10] and Presic
[25].

(iii) IfI = 1, Theorem 3.1 is an L-fuzzy improvement of the result of Rhoades [28].

(iv) By setting ¢(t) = (1 — A)t, where A € (0,1) and ¢ > 0, we can deduce the
Banach contraction theorem from Theorem 3.1 by employing the method of
proving Theorem 4.3.

5. Stability of L-fuzzy mappings

In this section, the study of stability of Presic type L-fuzzy fixed point problems is
initiated. We start with the following result.

Theorem 5.1. Let ()Z’,cr) be a complete metric space, | a positive integer and
Si(z1,-++,21) : X! — L be a sequence of L-fuzzy set-valued maps for i = 1,2.
Assume that the following assertions hold:

(i) there exists oy, € L\ {01} such that [S;(x1,- - ,z1)|a, s a nonempty compact
subset of X;

(ii) there exists a lower semi-continuous function ¢ : Ry — Ry satisfying ¢(t) =
0, if and only if t = 0 such that
H([Sz(xla e J’l)]am [Si(a:'Q, e axl+1)]&L)
< max{o(z;,x41) 1 1 <i <1} (5.1)
— p(max{o(x;, xi41) : 1 < i <1}),

for all (xq,-+ ,x141) € X1 and
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holds for all x,y € X. Then,
Q(H(Fiz(S1), Fia(S2))) <6,

where o ~
§= sup H([Sl(xv T vx)]&m [SQ('T7 T 7x)]&L)'
zeX

Proof. Following Theorem 3.1, we have that F;,(S;) is nonempty. Let 6y €
[S1(00,- -+ ,00)]a,- Then, by Lemma 2.1, there exists 61 € [S2(fo,- -+ ,600)]a, such
that
a(0o,01) < H([S1(00,- -+ ,00)]a.,[S2(00,---,00)]a.)-
Since [§1(61,--- ,91)]&L, [§2(90,-~- ,90)]5;L e K X) and 0, € [§2(90,--- ’00)]5%’
)

then by Lemma 2.1, there exists 02 € [S1(61, -+ ,01)]a, such that
o(01,02) < H([S2(00, -+ ,00)]a+ [S1(01, -, 01)]a, ).

Continuing in this way, we generate a sequence {6, },>1 in X with
97’7, € [52(97’1,717 e 797171)]521,7 0n+1 € [SI(GTH e 79n)}&L such that

o(Ors1,0101) < H([S1(00, - ,0)]ay s [S2(0ri1, - 01)]a,)
< (0, 0141) — (0 (01, 0141))-

Similarly,

o(O1,0111) < H([S1 (011, ,00-1)]a, . [Sa(00, -+, 0)]a,)
< 0(9171,91) — @(0(9171,91))'

Therefore, for all [ > n, we have

(01— O1—ni1) < H(S1(O—n-1, s 0—n-1)ar, [S2(B1—n, - 01-n)]ay) (5.3)
< U(el—n—la al—n) - @(U(al—n—lv ol—n))- (54)

Continuing as in Theorem 3.1, it follows that {6,},>1 is a Cauchy sequence in
X, and the completeness of this space implies that there exists v € X such that
0, — u as n — oco. Now, let u € [Sa(u, -+ ,u)]gz,. Then, by assumption, we
have

(00, 01) < H([S1(00, -+ ,00)]ay, [S2(00, -+, 00)]a,)
< sup ﬁ([gl(‘xa e ,SC)]aL, [gQ(Za e ’x)]aL) = 4.
zeX
Thus, by triangle inequality, we get
(0o, u) < o(09,01) + o(01,u)

< 0(907 91) + g([gl(e()v e 700)]5L7 [52(11‘7 e 7U)]aL)
< 6+ 00y, u) — w(o(Bo,u)),

which implies that ¢(o(6p,u)) < §. It follows that for any arbitrary point 6y €
Fiz(S1), there exists u € Fip(Ss) such that (o (g, u)) < 6. On similar steps, for
any point £, € ]—'m(gg), we can find an element v € —Fiz(gl) such that p(o(&p,7)) <
8. Consequently, it follows that H(F;y(S1), Fiz(S2)) < 6. O

For the next results, we introduce the following concept of uniform convergence
of sequence of L-fuzzy set-valued maps.
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Definition 5.1. Let ()Z’ o) be a metric space. A sequence of L-fuzzy set-valued
maps {S, (z ) X — L, n € N} is said to converge uniformly to an L-fuzzy set-
valued map S(z) : X —» L, if for every € > 0 and for all z € X, there exists
ar(z) :=arp € L\ {0.} and n, € N such that for all n > n,,

H([Sntla,, [Txla,) < e (5.5)
If (5.5) holds, then we write

lim H([Spx]a,,[Tz]s,) =0,

n—ro0

where [T'z]z, is called the limiting cut set, and is given by

L

[Tx)z, = lim [Shzla,

n—-oQ

Example 5.1. Take X = [0,5] and define 0 : X x X — R as o(z,y) = |z — y] for
all z,y € X. Let L = {{,@,s,7} be as defined in the proof of Theorem 4.2, then
(L,=p) is a complete distributive lattice. Consider a mapping &y, : X — L\ {0.}
and a sequence of L-fuzzy set-valued maps {gn}nZl defined by

~ ar(z), 1f0<t<nI,
S A )

(n+®)

Assume that ar, := ag(x) for all x € )?, then

[Snla, = {0, (nj_x)] :

Given € > 0, we get

ﬁ([gnx]t?La [TI]&L) = ﬁ < €.

Notice that n > % — 2 decreases with z and the maximum value is % Thus,
choose n. > %, so that for € > 0, there exists n. € N such that for all n > n.,

H([S,z]s,,[Tx]s,) < €. Hence, {S,}n>1 converges uniformly to S on X.

We recall that the fixed point sets .7-'”J (Sn) of a sequence of multi-valued map-
pings Sn i X — K(X) are stable, if H(Fiz(Sn), Fiz(S)) — 0, as n — oo, where
S = lim,,_ oo S’ Similar to the concept of stability of fixed points in [9,16,18], w
propose the following definition of stability of fixed point sets of sequence of L- fuzzy
set-valued maps.

Definition 5.2. Let {S,(z) : X — L, = € X,n € N} be a sequence of L-fuzzy set-
valued maps that converges uniformly to an L-fuzzy set-valued map S (z): X —
L. Suppose that {]—'m( ') }n>1 is the sequence of fixed point sets of the sequence
{S, tn>1 and {Fiz (S )} is the fixed point set of S. Then, we say that the L-fuzzy
fixed point sets of {Sy,}n>1 are stable, if

lim Fl(fzx(gn)a}—w:(S» =0.

n—-o0
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Lemma 5.1. Let ()Z’ o) be a complete metric space, | a positive integer and
{g'n(xl,~~ ,xp) X! — L, n € N} be a sequence of L-fuzzy set-valued maps
uniformly convergent to S(xl, . ) X! — L. If {S (1, , 1) }n>1 satisfies
(5.1) and (5.2) for each n € N, then S also satisfies (5.1) and (5.2).

Proof. Since S, satisfies (5.1) and (5.2) for each n € N, then for all (21, - ,241) €
X, we have

H([Sn(@1,-+,2)]a,, [Sn(@, s 2041)]a,) < max{o(zs, wign) 1 1 <i <1}
— p(max{o(x;,zit1) : 1 < i <1}),
(5.6)
and o B
H([Sn(x,- - 2)lay, [Sn(y, - y)a,) < oz, y) — plo(z,y)). (5.7)

As S, converges to S uniformly and ¢ is lower semi-continuous, taking upper limit
in (5.6) and (5.7) yields
ﬁ([g(xh T 7ml)]&L7 [§($2, T 7$l+1)]5@) < maX{O—(-Th-TiJrl) 1< < l}
— p(max{o(z;, wip1) : 1 < i < 1Y),
and
H([S(z,- -+ @)la,, S+ y)la,) < ol y) —elo(z,y)).
O

In what follows, we apply Theorem 5.1 and Lemma 5.1 to establish a stability
result for the sequence of L-fuzzy set-valued maps.

Theorem 5.2. Let (X,0) be a complete metric space and {S, (z1,--- ;) : X! —
L, n € N} be a sequence of L-fuzzy set-valued maps, uniformly convergent to
S(xl, R X! —s L. Assume that the following conditions are satisfied

(i) there exists ap, € L\ {01} such that [Sp(z1, -+, x)]a, and [S(z1, -, 31)]a,
are nonempty compact subsets ofX
(ii) S, satisfies (5.1) and (5.2) for each n € N.

Then, _ ~ ~
lim H(Fiz(Sn), Fiz(S)) = 0.

n—-:o0

That is, the set of all L-fuzzy fized points of S, are stable.

Proof. By Lemma 5.1, S satisfies (5.1) and (5.2).

Let 0, = sup, < H([Sn(2))a,,[S2]a,). Since S, converges to S uniformly on X,
we have

ngnm Op = nl'gr}loo sup H([Snzla,, [Szla,) = 0.
reX
Applying Theorem 5.1 yields ¢(H (Fiz(Sy), Fiz(S))) < 8, for all n € N. Given that
© is lower semi-continuous, we have
lim inf o(H(Fiz(Sn), Fiz(S))) < lim 6, =0,
n——aoQ

n——0o0

from which it follows that

lim H(Fiz(Sy), Fia(S)) = 0.

n—>oo
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