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Analysis of Dynamic Properties of Forest Beetle
Outbreak Model

Xuetian Zhang! and Chunrui Zhang!'

Abstract This paper mainly studies the dynamic properties of the forest
beetle outbreak model. The existence of the positive equilibrium point and
the local stability of the positive equilibrium point of the system are analyzed,
and the relevant conclusions are drawn. After that, the existence of Turing
instability, Hopf bifurcation and Turing-Hopf bifurcation are discussed respec-
tively, and the necessary conditions for existence are given. Finally, the normal
form of the Turing-Hopf point is calculated, and some dynamic properties at
the point are analyzed by numerical simulation.
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1. Introduction

Disturbance is defined as any relatively discrete event that disrupts ecosystem, com-
munity or population structure in time and alters resources, substrate availability
or physical environment [13]. Forest disturbance is considered to be a key factor
affecting terrestrial biological and geochemical processes, and it is closely related
not only to pests and diseases but also to forest fires. For this reason, many scholars
have conducted many studies on the relationship between forests, beetles and forest
fires.

Forest fires and pests are two natural disturbances to forests, and they have
had a devastating impact on the succession of forests. Forest fires not only burn
down forests and reduce its stand density, but also destroy forest structures and
reduce the use value of forests. Forest fires kill seedlings and saplings, therefore
prolong the forest regeneration period. The topsoil and rocks of the burned forest
land are exposed, and many places become barren mountains and ridges, making
it difficult for the forest to recover. According to statistics, an average of 100,000
square kilometers of forests in China are infested with pests and diseases every
year. If it continues to develop, the shelterbelt project that involves half of the
country’s safety will be in danger of being destroyed by the pests population. In
order to minimize the damage caused by pests and forest fires to the forest and
to better carry out the forest management and control, many experts and scholars
have established various pine beetle models for different environments and studied
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them (see [1-3,7-9,14,15,18-20,26]). In [3], Chen proposed a mathematical model
for beetle outbreaks as a single perturbation in forest population dynamics or in
combination with wildfire perturbations:

av _ _ VvV _ s _B_
G =nV (1 K, fkr+B)’

dB __ B aB?
G = ToB (1 - E) ~ T48B%

(1.1)

where V' and B represent the number of pine trees and the number of beetles at time
t respectively. r, and K, are the natural growth rate and the carrying capacity of
pine trees respectively. fr represents the percentage of successfully attacked pines
which are killed. r represents the threshold for the number of successfully attacked
beetles. 1, and K, are the natural growth rate and the carrying capacity of beetles
respectively. « is the pine defense rate. 3 is the inverse of the beetle density, when
the pine defense is saturated. All parameters involved with the model are positive.

Based on model (1.1), Chen proposed model (1.2) with forest fire disturbance
as follows:

v __ Vv B %4
=V (1= 3% = foily ) = PEEMLY, o)
< .

dt
48 =B (1- £) = 2B — MY M,B,

K.

where M, and M, represent the impact intensity of a forest fire on trees and beetles,
respectively. P represents the probability of a forest fire, and ¢ is the parameter of
fire weakening the pine tree’s defense against beetles. M,,, M, P and c are positive
parameters.

Since Lotka and Volterra proposed the predator-prey dynamic behavior model,
many experts and scholars have studied various predator-prey models, which has
laid a solid theoretical foundation for the latter study (see [4-6,12,16,17,21-24,
28-30]). This paper argues that beetles will gain certain benefits after successfully
invading pine trees, and improves on the model proposed by Chen, changing the
model from a competition model to a predator-prey model, considering that both
pine trees and beetles can spread in space, thereby introducing a diffusion term,
and establishing the following reaction-diffusion forest beetle outbreak model:

WD =V (1= % = fusBs = PEM,) +diAV,

ot K, Jkr¥B
—cM, 2
0B@t) _ 3 (1 - ;i) ol eMO)B® _ N,PY-M,B+EVB + dAB,
V, (0,t) = B, (0,t) =0,V (I, t) = B, (Ir,t) = 0, (1.3)

x € (0,Im),t >0,

where V(z,t) and B(z,t) are the number of pine trees and the number of beetles
at position x and time ¢ respectively. d; > 0 and ds > 0 represent the diffusion
coefficients of prey and predator respectively. £ > 0 is the buff the beetles get, when
the pine tree is attacked by beetles. The meanings of the remaining parameters are
the same as those in (1.1) and (1.2), and will not be repeated here. The boundary
condition is Neumann boundary condition and all parameters involved with the
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model are positive. In order to simplify system (1.3), we denote ¢ = dot, ¥ =
b= %7 r = %7 Ty = %7 ﬂl = ﬁKga K = kaea my = MUP7 my = Mbéuvpa

af = O‘“%T”)Ke, n= % and d = g—;. After ignoring the superscript, model (1.3)
can be rewritten as follows:
2t = o (1 —v— K — mvv) + dAv, z € (0,lr),t >0,

8bf9?t) =b (TQ(l - b) - % - (mb - 77)1}) + Aba T € (O,Z’]T) 6 >0,
Vg (O’t) = bw (07t) = Oa Vg (lﬂ-at) = b:c (lﬂ-at) = 07 t> 0’
v (2,0) = o () = 0,b (z,0) = by (z) = 0, z € (0,0m).

(1.4)

The general content of this article is as follows. In Section 2, the existence
of positive equilibrium points of the system and the local asymptotic stability at
positive equilibrium points are discussed. In Section 3, the existence of Turing bifur-
cation, Hopf bifurcation and Turing-Hopf bifurcation are investigated respectively,
and the normal forms for Turing-Hopf bifurcation are discussed. In Section 4, some
numerical simulations are given. Finally, in Section 5, a short conclusion is given.

2. Stability analysis of equilibria

2.1. Existence of the positive equilibria

Now, we analyze the existence of the positive equilibrium point of system (1.4).
The equilibrium of system (1.4) satisfies:

riv (1 —v— MKI?Eb — mvv) =0,

orb (2.1)
b(rg(l_b)—w_(mb_n)v) :0
Since a positive equilibrium point is required, v > 0, b > 0. According to (2.1), we

have
p = THEe—K)b
(IFmo) (r+K.b)° (2.2)

Clb4 + Cgb3 + 03b2 4+ c4b+c5 =0,

where ¢; = =51 Kerao(1+my,) <0, ¢c5 = (7 — myp + 19 + myra)r and K, > K(0 <
fr < 1). According to the first equation in (2.2), if b > 0, we can get v > 0, and if
7 > my holds, from the continuity of the function, we can get that there exist c5 > 0
and b, > 0. Therefore, the second equation in (2.2) holds. Since Turing bifurcation
and Hopf bifurcation will not occur in system (1.4), when 7 < my, the following
chapters of this paper consistently assume that 1 > my holds. The specific proof
will be given in Section 3. Thus, system (1.4) must have a positive equilibrium
point (vy, by).

2.2. Stability analysis of (v.,b.)

Now, we analyze the stability analysis of (v, b,) as did in [27]. Define the real-valued
Sobolev space

X = {(v,b) € [H*(0,17)]* : (Vs bz)|z=0.1x = (0,0)},
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and the complexification of X
Xc:=X@iX = {x; +izy: 21,22 € X}.

The linearized system form of the system (1.4) at (v, bs) is as follows:

Vg v d0 Av riai rias u

b, ] \o1) \ ap by by v

where a1, as, by and by are defined in (2.3). The linearization of system (1.4) at the
equilibrium point (v, b,) is as follows:

82
dy= +riar 7ma2

L(s) =
b g th
with the domain Dy, = X¢, and
ar=—(1+myo. <0, a2 =~y <0, (2.3)
b= —(my —mbe, by = ra(1—2b,) — gy — (my — n)o..

We know that the eigenvalue problem

—" = pp, x€(0,ir), ¢'(0)=¢'(Ir)=0

n2

has eigenvalues i, = 7 (n = 0,1,---) with corresponding eigenfunctions ¢, (z) =
cos . We can let

be an eigenfunction of L(s) corresponding to an eigenvalue 5(s). Then we can get
as follows:

L(s)(¢, )" = B(s)(,9) T

From a straightforward analysis, we have

where

ria1 — dity,  T102
b1 by — Hn

The eigenvalues of L(s) are given by the eigenvalues of L, (s) forn =0,1,2,- -,
and the characteristic equation of L, (s) is as follows:

M —-TR,\N+DET, =0, n=0,1,2,---, (2.4)
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where
TRn = — (d+ 1) Hn “+riar + b2,

(2.5)
DET,, = du? — (riay + bad) pin, + 71 (a1by — azhy).

We can obtain the eigenvalues of (2.4) as follows:

TR, £+/TR2 —4DET,
)\1’2: 2“ 5 nzO,1,2,3...

The following theorem can be obtained.

Theorem 2.1. If TR, < 0 and DET,, > 0 hold, then the real parts of the eigenval-
ues of system (1.4) are all less than zero, and system (1.4) is locally asymptotically
stable at the positive equilibrium point (v, by) .

3. Bifurcation analysis

We make the following assumptions:

(Hl) :ria; +by < O,rl(ale — a2b1) > 0;

(Hg) T (a1b2 — agbl) > 0,
where (H7) determines the stability of the system without diffusion, and is a neces-
sary condition for the system to generate Turing instability, while (Hz) is a neces-
sary condition for the system to generate Hopf bifurcation without diffusion. Both
of them will be used in the subsequent system bifurcation analysis. In order to
simplify the subsequent proof steps, these two assumptions are given here first.

3.1. Turing instability

According to [11,25], for an equilibrium point that makes a system of ordinary
differential equations stable, when a diffusion term is added to the system, it is
no longer stable at the equilibrium point, and this phenomenon is called Turing
instability.

Under assumption (H;), we have TR,, < TRy < 0 and DETy > 0 for n € Ny.
According to Theorem 2.1, the system of ordinary differential equations correspond-
ing to system (1.4) is locally asymptotically stable at the positive equilibrium point
(u*, v¥*).

Now, we select d as the parameter of Turing bifurcation line. According to
(2.5), we get an open-up quadratic function of u : DET () = dp® — (r1a1 + bed) p+
ri(aibe — asby) and DET(0) = r1(a1ba — agby) > 0. For n # 0, the symmetry axis
s and the discriminant A of DET (u) are given as follows:

Mx = w, A= (7“1&1 + bgd)Q - 4d7“1 (albg — G,le) .
There are two cases to be considered as follows:
Case I: ma1 + bad < 0 or A < 0. Then, all the roots of (2.4) have negative
real parts.
Case II: ria; + bad > 0 and A > 0. Denote the two different roots of
DET (p) = 0 as p and p, (up < p). By straightforward calculation, we have

Wi = %ﬂ, and get the following conclusions:
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(i) For Yn € N, if py, & (p1, por), we have DET (puy,) > 0, and all the roots of
(2.4) have negative real parts.

(73) If there exists a k € N such that ug € (pu, pr) and DET (ug) < 0, (2.4)
will have at least one root with positive real part.

In summary, the following theorem can be obtained.

Theorem 3.1. For system (1.4), we suppose (Hy) hold, and the following state-
ments are true.

(1) In Case I, system (1.4) is locally asymptotically stable at the positive equilib-
rium point (v, by).

(2) In Case II, pp, ¢ (i, pr) for Vn € N, and system (1.4) is locally asymptotically
stable at the positive equilibrium point (v, by).

(3) In Case I, there exists a k € N such that ux € (u, i), and system (1.4) is
Turing instability at the positive equilibrium point (v, by).

Furthermore, the case of 7 < my is discussed. Under 1 < m; and assumptions
(Hy), we have by <0, by <0, r1a1 +bad < 0 in Case 1. Therefore, system (1.4) will
not have Turing instability phenomenon.

3.2. Hopf bifurcation

Hopf bifurcation refers to a phenomenon in nonlinear equations with parameters
that reverses the stability of the trivial steady-state solution of the system with
the change of the parameters, thereby generating a period near the trivial steady-
state solution. If the system wants to have a Hopf bifurcation, its corresponding
linearization operator needs to have a pair of pure imaginary eigenroots at the
critical value, and satisfy the corresponding transversal conditions.

In this section, the parameter r; will be selected to study Hopf bifurcation in
system (1.4).

Denote 1+d b
W =T1ip = ( + )Min — 2,n (S No.
a
Under assumption (Hy), we have DETy(r19) > 0.
Denote

n* =max{ n | DET,(r1,) > 0,71, > 0,n € N}.

When 71 = r1,,, 0 < n < n*, we have TR, (r1,,) = 0, DET,,(r1,,) > 0, and
system (1.4) has a pair of pure imaginary eigenvalues. We assume that system (1.4)
has a pair of complex eigenvalues «,, (r1) & iwy, (r1) when ry is near r1,,, where

TR, VADET, — TR? doy, (1) a
Qp (7”1) = D) s Wn, (’]"1) = 5 R drl = ? < 0
rI=T1,

The transversal condition is satisfied, and system (1.4) undergoes a Hopf bifurcation
at ry = r1,,. Thus we can get the following theorem.

Theorem 3.2. If (Hy) holds, system (1.4) undergoes a Hopf bifurcation at ry =

719, Wheren =0,1,2,...,n".

Furthermore, the case of n < my is discussed. Under 1 < m; and assumption
(Hz), we have b; <0, bs < 0, T}, < 0. System (1.4) will not have pure imaginary
eigenvalues and Hopf bifurcation phenomenon.
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3.3. Turing-Hopf bifurcation

Turing-Hopf bifurcation refers to the combination of Turing bifurcation and Hopf
bifurcation, so that the system can generate Hopf bifurcation when there is no
diffusion, and then generate Turing bifurcation after adding a diffusion.

If system (1.4) undergoes Turing-Hopf bifurcation, the following two conditions
need to be satisfied:

(i) When n = 0, equation (2.5) has a pair of pure imaginary roots.

(#i) When n > 0, equation (2.5) has a single zero root.

In this section, we assume that (Hy) always holds.

Denote

<a1un + asby — aibo
dn =T

,S={n|neN u, —by <0},
gy ) S e <0

such that

. { (a1un+agb1—a1b2>}
dp, =min<rig .
nes fon (fn — b2)

In 71-d plane, the Turing bifurcation curves are as follows:

L, d, =r (alﬂn + asby —albz> nes,
fin (fin — b2)

and the Hopf bifurcation curve is as follows:
HO 11 =T10-

When n =0, 1 = r1g , system (1.4) undergoes Hopf bifurcation according to
Theorem 3.2.

Now, we discuss the case of n # 0. If S = (), the Turing bifurcation curves L,
and the Hopf bifurcation curve H(y have no intersection point in the first quadrant,
and system (1.4) will not undergo Turing-Hopf bifurcation. If S # (), the Tur-
ing bifurcation curves £,, and the Hopf bifurcation curve Hy have the intersection
point(ryg, dy,, ) in the first quadrant, and the following cross-sectional conditions are
obtained:

dry r1=r10,Ho 2 )
daX by (iny, —b2)
ddlimd,, L, = Lo 2O

System (1.4) undergoes Turing-Hopf bifurcation at the point (r1,d) = (r19,dp,). In
addition, when (r1,d) € {(r1,d)|r1 > 19, 0 <d < d,, }, wehave TR,, < 0, DET,, >
0, then the positive equilibrium point (v, b.) is locally asymptotically stable. In
summary, the following theorem can be obtained.

Theorem 3.3. The following statements are true:

(1) If S =0, system (1.4) does not undergo Turing-Hopf bifurcation.

(2) If S # 0, system (1.4) undergoes Turing-Hopf bifurcation at the point
(r1,d) = (r10,dn, ), and when (r1,d) € {(r1,d)|r1 > r19, 0 < d < d,,}, it is locally
asymptotically stable at the positive equilibrium point (v, by).
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3.4. Normal forms for Turing-Hopf bifurcation

In this section, we calculate the normal forms to analyze the dynamic properties of
system (1.4), when it undergoes Turing-Hopf bifurcation at the positive equilibrium
point (v, b,). Some of the formulas can be referred to [10].

First, we define parameters 61, do , let 1y = r15+d1, d = d,,, + 52 and transform
system (1.4) into the following form:

W = (110 + 01)v (1 —v— %&b - mq,v) + (dp, + 62)Av,

X (3.1)
2et) = b (ra(1 = b) — 2455 — (my —m)v) + Ab.

The equilibrium point of system (3.1) is still the positive equilibrium point (vs, bx).
Let © = v — v, b = b — b,. After ignoring the horizontal bar, system (3.1) becomes
the following system:

avz(agi—’t) = (110 +01)(v+vs) (1 —(v4vy) — #ﬁig) —my(v+ v*))

+(dn* + 62)A’U7
P — (b+b) (ra (1= (b+ b)) — oD — (my — ) (v +0.))
+Ab.

(3.2)

According to [10], for system (3.2), we can get

dn* + 62 0
0 1

D(s) =

L((S) _ (T1O + 51)@1 (’I“lo + (51)&2 ’

by —T1,a1

(r1o +81)(61 +v.) (1= 758550 = (my + D(@n +0.))
—(r1, +61)(a161 + azg2)
(62 +02) (2 (1= (62 + b)) = T — (i — ) (@1 +.))
—bi1o1 + 11,0102

where ¢ = (¢1,¢2)T € X, then we have

dn, 0 262 0
D(O) = ) Dl((;) == 5
01 00
T1,01 T1,G2 201a1 20109
L(O) = ’ ’ ) Ll(é) =

b1 —T1,Q1 0 0
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a110191 + oz (P12 + Pathr) + ar3dat)e

Q (o, ¢) =
1191 + oz (G192 + d2th1) + a3dat)o
Brid11vr + Biz (P191v2 + d1bav1 + Pathiv1)
+513 (P2102v1 + Pat01V2 + P1P2v2) + Bradatbavs
C(p,,v) =
Ba10191v1 + Paz (P19102 + P1)201 + Patp1v1)
+B23 (P21h2v1 + P21h1V2 + P11)2V2) + Paadathavs
where
_ op—3a b2 B+ (146281 ) r
Qg = 2b+7]7a23 - ! f(l—i-lbiél)?’ 1) 27
rr eQTT Vs by — bi
P13 = ﬁéﬁvﬁl4 = —%7@4 = —W,

ao1 = P11 = B2 = Po1 = Baz = P23 = 0.

The characteristic matrix corresponding to the system (3.2) is as follows:

Dy(\) = Atdn, fin —T1501  —T1,02
" —bl A + Hn + T1,01

According to Theorem 3.3, A = +iw with w = «/DFETj is a pair of pure imaginary
eigenvalues of Dg(A). A = 0 is the single zero eigenvalue of D,,, (\). We can obtain
the following:

T
1 r19az2by
b1 = e (dny tn, —T1001)2+T1002b1
Ay Bny —T10a1 ’ r1002(dny Bn, —T10a1) ’
T1pa2 (dny thny —T1001)2+71002D1
T
1 _ T10a22b1
¢2 — w2 — (tw—r1ga1)?+rigasby
iw—T19a1 ’ rigas(iw—rigai) ’
1002 (iw—riga1)?+rigazby

where ® = (¢, 2, ¢2), ¥ = (Y1, 2, 102), U = I3, and I3 is the identity matrix. In
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addition, the following parameters are given:

11(8) =31 (La(9)61 — pn. Dr(0)61),
az00 =ao11 = b110 = 0,

ba(6) =5 02(La (0)02 — D1 (8)62),

1 1 .
az00 =7 ¥1C01010, + —V1RE[Q4102Y2] Qo101 + V1@, (g 0+ Lnzns)

2 .
a1 =10y, 4,4, + ;%RG[ZQQBWQT/&]Q@@ + wl(Q%(hB’nJr%hﬁTf) + Qgynns,
+ Q&zh?ﬁ))’

1 1 )

ba10 =5%2C61 610, + %%(2%1@%@@@ + (=Qoaps¥2 + R4y, ¥2) Q1)
+ ¥2(Qg,nrx, + Qgung,,):
1 1 2 A )

b021 :§w20¢2¢2<§2 + m% (3Q¢2¢2¢2Q¢2¢2 + (_2Q¢2¢2¢2 + 4Q¢2¢2¢2)Q¢2¢2)
+ 1o (Q¢2h811 + Q¢_2h820)’

1 1 _
h3o0 = — §L71(0)Q¢1¢1 + ﬂ(d’z% — $212)Q4, 6,

h;gg - [L(O) - 4ﬂn*D(O)]71Q¢1¢17

_
2v2
1 _
hon =— L7 (0)Qy,4, + E(Qf)z?/fz — $212)Q 4,4,
h820 :%[QiWI - L(O)]_1Q¢2¢2 - i <¢2¢2 + ;¢2w2>@¢2¢2’

n . . _ 1
hito =liwl — (L(0) — diag(—pin, , —dn, pn.))] " Qrgs — 91910616
hioa =hQa0, Mgy = hijo, hois = 0.

Thus, the normal form of system (1.4) is obtained at the Turing-Hopf bifurcation
as follows:

Z1 = a1(6)z1 + ag0021% + ao1122%2 + azeoz1® + an1z122% + h.o.t.,
Z:Q = iWZQ + b2(5)22 + b1102’122 + 62102’1222 + b0212222_2 + h.O.t., (33)

ZLQ = —iwz_g + 52(5)2_2 + 5110212_2 + 1_721023122_2 + 6021222_22 + h.o.t..

Let z1 =7, 29 = pcosh — pisind, and convert system (3.3) to cylindrical coordinate
form:

= a1(0)r + asoor® + ar117p?,

3.4
ﬂ = Re(b2(§))p + Re(bglo)pTz + Re(bogl)p?’. ( )

4. Numerical simulations

In this section, simulations were performed to verify the previous conclusions. Let
ro =016, K =1, K. =3, r=1, 1y =4, ay =15, m, =15, my =3, n =
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4 and l = 100, system (1.4) becomes as follows:

L’gﬁ’w =rw (1 —v— 71-&317 - 1.51}) + dAuw,

(4.1)
aat) _y, (0.16(1 —b) — 155 + ”) A

After computation, system (4.1) has a unique equilibrium point (v, b,) = (0.3,1),
and assumption (Hg) is verified. Calculating other parameter values under this
condition, a; = —0.75, as = —0.01875, by = 1 and by = 0.02. In ri-d plane, the

Hopf bifurcation curve is as follows:
HO T =T19 = 0.026667,
and the Turing bifurcation curves are as follows:

n by —ayb
Ly dy =1 <a1“ R ) 2) nesS=1{1,23,.1314)}.

Hn (Mn - b2)
The Turing bifurcation curves £,, and the Hopf bifurcation curve Hg have the first
intersection point(r1g, dy,) ~ (0.026667,2.61949) in the first quadrant (see Figure

1).

. ()
45 {
4r 7
ast | 1 4
3l =
I 4
L Z
=280 Z [\
Il ; 7 \
2H 7 \
| S A () = (r1g,dn,)
154 / 7 n, =8
1 7 £
05 7 /

0 L L L | L L
0 0005 001 0015 002 0025 003 0035 004

5

Figure 1. When n, = 8, we have the first intersection of the Turing bifurcation curves £, and the
Hopf bifurcation curve Ho at the point(rig, dn,) = (0.026667,2.61949).

The normal form of system (4.1) is as follows:

Z1 = —0.369096(5; — 0.010180182)21 + 437.82221% — 83.037021 2222
+ h.o.t.,

Zp = 0.01izs — (0.375 — 0.1875)81 20 — (566.464 + 245.9693) 2122 w2
—(9.6375 + 106.4017) 29225 + h.o.t.,

Zy = —0.01iz — (0.375 + 0.1875i)81 25 — (566.464 — 245.969i)212 %,

—(9.6375 — 106.4014) 22252 + h.o.t..

We get its cylindrical coordinate form as follows:

7 = —0.369096(5; — 0.0101801d2)r + 437.822r2 — 83.03707p2, (4.3)
p = —0.37501p — 566.464pr? — 9.63750p>.
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Considering p > 0, system (4.3) has the following equilibrium:

(1) The coexistence equilibrium: Ay = (0,0).
(2) Spatially inhomogeneous steady states:

AT = (££0.0000888142+/1068750, — 108845, 0), for 1068755, — 108885 > 0.

(3) Spatially homogeneous periodic solution:

Ay = (0,0.197257\/—61), for 61 < 0.

(4) Spatially inhomogeneous periodic solutions:

Ag: = (xo01,09),

o1 = 9.505 x 1075/=5.957 x 10%6; — 78.2163,

o9 = 3.68 x 1073y/=5.369 x 1025, + 3.06105,

and —5.957 x 10%6; — 78.2165 > 0, — 5.369 x 1026; + 3.06155 > 0.

The following bifurcating lines are obtained:

Ho: 61 =0,

T : 6y = 98.2364,

Ti: 80y =—T761.761, 6 <0,
Ts : 6y = 175.48,, 6, < 0.

The parameter space is divided into six regions as shown below:

D, D, Dy
T, L3
A
l Yy
D. _
< P o
b rs
D,
T
] o D, Dy D
D ~
D S e ) '
| re<
D, o< <
T, J < - \
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Nage ’ \ 1
Hy ) e N |
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Figure 2. The bifurcation set and the phase portraits for Turing-Hopf bifurcation of system (4.1)

By analyzing the dynamic properties of each region, the following propositions
can be obtained:

Proposition 4.1. When ro =0.16, K =1, K, =3,r =1,01 = 4,05 = 1.5,m, =
1.5,mp = 3,7 = 4,1 = 100, the parameter space is divided into siz regions by branch
lines Ho, T, T1,T2. System (1.4) has different dynamical phenomena occurring in
these six regions.
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(1)

When (01,02) € D1, system (1.4) has a locally asymptotically stable positive
equilibrium point and a pair of unstable spatially inhomogeneous steady states,
and the pair of unstable spatially inhomogeneous steady states is attracted to
the locally asymptotically stable positive equilibrium point. The numbers of
pine trees and beetles are stable at the equilibrium point, thus pines and beetles
coezist (See Figure 3).

When (61,02) € Da, system (1.4) has an unstable positive equilibrium point.
The numbers of pines and beetles are both unstable at the equilibrium point.

When (61,02) € D3, system (1.4) has an unstable positive equilibrium point
and an unstable spatially homogeneous periodic solution. The numbers of pines
and beetles are still both unstable at the equilibrium point.

When (1,02) € Dy, system (1.4) has a stable spatially homogeneous periodic,
an unstable positive equilibrium point and a pair of unstable spatially inho-
mogeneous periodic solutions. The pair of unstable spatially inhomogeneous
periodic solutions is attracted to the stable spatially homogeneous periodic.
The population of pine trees and beetles fluctuates periodically over time (See
Figure 4).

When (01,92) € D5, system (1.4) has a stable spatially homogeneous periodic,
an unstable positive equilibrium point, a pair of unstable spatially inhomoge-
neous periodic solutions and a pair of unstable spatially inhomogeneous steady
state. The pair of unstable spatially inhomogeneous periodic solutions and
the pair of unstable spatially inhomogeneous steady states are attracted to the
stable spatially homogeneous periodic. Finally, both pine and beetle popula-
tion fluctuate periodically over time. Meanwhile, pines and beetles coexist and
exhibit an oscillatory behavior (See Figure 5).

When (81,02) € Dg, system (1.4) has a stable spatially homogeneous periodic,
an unstable positive equilibrium point and a pair of unstable spatially inho-
mogeneous steady state. The pair of unstable spatially inhomogeneous steady
states s attracted to the stable spatially homogeneous periodic. Pines and
beetles coexist and still exhibit an oscillatory behavior (See Figure 6).

v(x.t) b(x,t)

T i T

Figure 3. (§1,d2) = (0.001,0.05) € D1, A is locally asymptotically stable and Ali is unstable.
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v(xt) b(x,t)

Figure 4. (§1,02) = (—0.001, —0.04) € D4, Ao is stable, while Ag and A;E are unstable.

v(x,t) b(x,t)

Figure 5. (61,82) = (—0.001, —0.12) € D5, As is stable, while Ag,AT and AT are unstable.

v(xt) b(x,t)

Figure 6. (§1,d2) = (—0.001, —0.35) € Dg, A2 is stable while Ag and Ait are unstable.

Here, v(z,0) = 0.3 + 0.01sin(5z) and b(z,0) = 1 4 0.1sin(5x).
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5. Conclusion

The diffusion phenomenon exists widely in nature. Based on the work of Chen,
this paper analyzes the forest fire and forest beetle outbreak model with a diffusion
term, and mainly carries out some bifurcation analyses on the local area of the
positive equilibrium point.

This paper discusses the existence and stability of the positive equilibrium
point of system (1.4), selects d and r; as the parameters of the Turing and Hopf
bifurcations and obtains the necessary conditions for the existence of Turing insta-
bility, Hopf bifurcation and Turing-Hopf bifurcation respectively. By calculating
the normal form of system (1.4) at the Turing-hopf bifurcation point, the parame-
ter space is divided into six areas, and it is found that it is locally asymptotically
stable at the positive equilibrium point of D1, where pine trees and beetles coexist,
and system (1.4) is unstable at the positive equilibrium point of D2, D3 | stable
spatially homogeneous periodic solutions are generated at D4, D5, D6, where pines
and beetles coexist and exhibit an oscillatory behavior.
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